
Identifying and Modelling

the Spatial Distribution Dynamics

of Regenerating Lodgepole Pine

Gordon D. Nigh

R E S E A R C H  R E P O R T

12

1 9 9 7

Ministry of Forests 
Research Program



Identifying and Modelling

the Spatial Distribution Dynamics

of Regenerating Lodgepole Pine

Gordon D. Nigh

Ministry of Forests 
Research Program



Canadian Cataloguing in Publication Data

Nigh, Gordon Donald,  -

Identifying and modelling the spatial distribution

dynamics of regenerating lodgepole pine

(Research report ; )

Includes bibliographical references: p.

ISBN ---

. Lodgepole pine – British Columbia – Growth.

. Lodgepole pine – Spacing – British Columbia.

. Lodgepole pine – British Columbia – Growth –

Mathematical models. I. British Columbia. Ministry of

Forests. Research Branch. II. Title. III. Series: Research

report (British Columbia, Ministry of Forests. Research

Branch) ; .

SD.PN         .’      C--

©  Province of British Columbia

Published by

Forestry Division Services Branch

Ministry of Forests

 Pandora Avenue

Victoria, BC  

for

Research Branch

B.C. Ministry of Forests

 Bastion Square

Victoria, BC   

Copies of this and other Ministry of Forests

titles are available from

Crown Publications Inc.

 Fort Street

Victoria, BC  



iii

ABSTRACT

This study investigated the changes in the spatial distribution
of lodgepole pine (Pinus contorta var. latifolia Dougl.) stands as
regeneration proceeds. Twenty-nine plots were established in
regenerating lodgepole pine stands and were remeasured two
years later. Nine of these plots had enough ingrowth to warrant
an analysis of their spatial distribution dynamics. Ripley’s K(t)
statistic was used to identify the spatial pattern of the trees at
the initial measurement, the ingrowth trees, and the combined
initial and ingrowth trees. The initial trees were mainly
aggregated, but some plots had random or regularly
distributed trees. The ingrowth trees were all aggregated, and
the initial and ingrowth trees, when analyzed together, were
aggregated or random. The bivariate K(t) statistic was also
used to detect correlation between the locations of the initial
trees and the ingrowth trees. Two of the nine plots showed
correlation between the ingrowth and the initial trees; the
initial and ingrowth tree locations were independent in the
remaining seven plots. The spatial patterns were modelled by a
Poisson cluster process, a Poisson process, or a Markov point
process when the trees were aggregated, random, or regularly
distributed, respectively. These models resulted in satisfactory
fits to the data. Correlation between the initial and ingrowth
trees occured only when both types of trees were clustered; the
correlation was modelled by using the same cluster centres to
generate tree locations. When the initial and ingrowth trees
were uncorrelated, then tree locations were generated
independently.
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INTRODUCTION

The spatial pattern of trees has an effect on the competition
between trees (Cormack ) and consequently on tree
growth (Stiell ). Distance-dependent growth and yield
models for individual trees (Munro ) use the x-y 
co-ordinates of trees to make growth and yield predictions in
several ways.
• A common practice is to incorporate distances between

trees into a competition index (Biging and Dobbertin ).
However, the superiority of the distance-based competition
indices is in doubt when they are compared to those that do
not require distance (Biging and Dobbertin ).

• The competition that a subject tree experiences as
competitors encroach on its growing space can be modelled
explicitly by modifying the tree’s crown shape, such as in
the Tree and Stand Simulator model (Mitchell ).

• Competition can be simulated by reducing the amount of
light that the crown intercepts, based on the proximity of
neighbouring trees (Sorrensen-Cothern et al. ).

• If the site being simulated by a growth and yield model has
heterogeneous soil characteristics, tree locations relative to
growth-related soil factors can be used to alter tree growth
(Mou et al. ).
In all of the above situations, the x-y co-ordinates are

instrumental in allowing the researcher to evaluate
competition and predict tree growth. Many algorithms exist to
generate co-ordinates in a wide variety of spatial patterns
(Upton and Fingleton ), but not all of these patterns are
common in forestry. Algorithms based on field observations
are available for simulating locations of regenerating trees for
growth and yield models (Nigh ). However, they are static
and do not incorporate changes in spatial distribution due to
mortality or recruitment. Stand re-establishment occurs over a
period of time, so regeneration models should establish trees in
the same way.

A spatial point pattern is a set of locations in a region of
interest (Diggle ). In this study, points represent trees and
are therefore referred to as such. Spatial point patterns are
usually characterized as belonging to one of three categories
(Upton and Fingleton ):







. Regular —Trees that are more or less uniformly spaced
form a regular pattern. These patterns are sometimes called
inhibited or repulsive (Tomppo ) because the trees
appear to be repelling each other.

. Random—Trees that are located in a random pattern are
sometimes referred to as Poisson forests, and the process
that generates these patterns is called a Poisson process.

. Aggregated—Trees that occur in clumps are said to have an
aggregated pattern. These patterns are also called clumped,
clustered, or contagious (Stiteler and Patil ).

Spatial point patterns are a continuum even though they are
often classified into one of the above three categories; regular
or aggregated patterns can be of many types and some patterns
are more regular or aggregated than others. The classification
of pattern is not straightforward. Sometimes it is difficult to
discern between aggregated and random patterns and between
random and regular patterns. Furthermore, two sets of trees
can have the same pattern without the trees having identical
locations relative to each other. Spatial pattern is also scale
dependent. A pattern may be regular at one scale but
aggregated at another. For example, trees may appear to be
regularly spaced when individual patches are analyzed, but
aggregated when the whole area is considered.

There is a substantial volume of literature focusing
specifically on the spatial point patterns of trees. See, for
example, Daniels (), Tomppo (), Kenkel (),
Penttinen et al. (), Szwagrzyk (), and Moeur ().

I conducted this study with two objectives:

. to demonstrate how the univariate and bivariate versions of
Ripley’s K(t) statistic (Ripley , ) can be used to
identify changes in the spatial pattern of trees in
regenerating lodgepole pine (Pinus contorta var. latifolia
Dougl.) stands; and

. to develop bivariate spatial point process models that
generate x-y co-ordinates of lodgepole pine trees for growth
and yield models.

Meeting these objectives, it was felt, would ultimately lead
to better estimates from distance-dependent growth and yield
models for individual trees.





DATA

Twenty-nine plots were established in regenerating lodgepole
pine stands in the Sub-boreal Spruce biogeoclimatic zone
(Meidinger and Pojar ) of British Columbia, Canada. Plot
establishment was done at the end of the growing season in
 or . The size of the circular plots varied depending on
the density. The target density was a minimum of  trees and
the plot size was the smallest of ., ., or . ha that met
the target.

Trees taller than  cm were tagged and their azimuth and
distance from plot centre were recorded. The species, stem
diameter at  cm, height, height to the base of the crown,
height to the widest part of the crown, and crown width at the
widest part were measured and recorded. Trees shorter than 

cm were not considered. There were two reasons for this:
because germinant mortality in lodgepole pine is high
(DeVelice and Buchanan ), the smaller trees have less
chance of becoming crop trees; and because small trees are
difficult to locate and tag, data for trees less than  cm tall
would have had questionable reliability. The purpose of the
initial establishment was to provide data to develop spatial
distribution models (Nigh ). The trees measured at the
time of plot establishment were called the initial trees.

The plots were remeasured in  or , again at the end
of the growing season. The same measurements were repeated
on the initial trees, except for azimuth and distance from plot
centre. Trees taller than  cm in / but shorter than 

cm in / were referred to as ingrowth trees. All ingrowth
trees were tagged and a complete set of measurements was
taken. Of the  plots, only nine had more than  ingrowth
trees after the two-year period. These nine plots were used to
study the spatial distribution dynamics.

Table  summarizes information about the nine plots that
were analyzed. The predominant species was lodgepole pine;
plots , , , and  had one white spruce (Picea glauca
(Moench) Voss) tree each, and plots , , and  had one, two,
and three subalpine fir (Abies lasiocarpa (Hook.) Nutt.) trees,
respectively. All plots were in stands that had been timber-
harvested, and all plots were mechanically site-prepared except
for plot . Plots , , , , and  were planted and the other plots
were left for natural regeneration.





IDENTIFYING THE SPATIAL PATTERN AND ITS DYNAMICS

methods

I converted the polar co-ordinates of the trees to Cartesian co-
ordinates, and created stem maps showing the locations of the
trees in the plots (Figures –, part A). The locations of the
initial trees are distinguished from those of the ingrowth trees
by different map symbols. As mortality was ignored in all
analyses, the trees present at the first measurement were
assumed to be present at the second measurement.
(Introducing mortality — or “thinning”, as it is commonly
referred to in the spatial statistics literature — would have
added another level of complexity to the study, and not enough
trees died to develop reliable thinning models or to affect 
the results.)

After one remeasurement, both types of trees —initial and
ingrowth—were distinguishable. This resulted in a bivariate
spatial point pattern. To increase our understanding of
regeneration, I analyzed this pattern as well as the
interdependence between the two types of trees. I assumed that
this interdependence, or lack of it, would be an important
component of regeneration models.

To identify the dynamics of the spatial pattern of the trees, I
used Ripley’s K(t) statistic (Ripley , , ) extensively.
This statistic reveals more information about spatial pattern
than do many other statistics (Upton and Fingleton ). For
example, it characterizes the second-order (intertree distance)
properties of a spatial pattern, properties that the human eye
can detect (Ripley ).

In the bivariate analyses carried out in this study, two types
of trees (types α and β) were of interest. The bivariate K(t)
statistic, denoted here as Kαβ(t), when multiplied by the
density (trees per unit area), is the expected value of the
number of type β trees within a distance t of an arbitrary type
α tree. The K(t) analyses assumes that the spatial point pattern
is isotropic and stationary (Diggle ).





The estimator of Kαβ(t) is (Diggle )

nα nβ
|A|    

S S
It (ui,j)~

Kαβ(t)  = ––––––                 ––––––                                 ()
nα nβ i= j=

wi,j

where:

|A| = the area of the study plot (m),

nα and nβ = the number of type α and type β trees in the

plot, respectively,

It(ui,j) =  if ui,j is less than or equal to t,  otherwise,

ui,j = the distance (m) between the ith type α and jth

type β tree, and 

wi,j = the proportion of the circumference of the

circle centred on the ith type α tree with radius

ui,j that lies within the plot.

For circular plots (Diggle ),

wi,j =  if ui,j ≤ a–r,
a – r – u

i,j
wi,j = ‒ arccos (––––––––––) /π otherwise ()   

r ui,j

where:

a = the radius (m) of the plot,

r = the distance (m) from plot centre to 

the ith type α tree, and 

all other variables are as previously defined.
The weight, wi,j, is the conditional probability that the jth

type β tree will be observed given that it is a distance ui,j away
from the ith type α tree. It removes a bias that would otherwise
exist for type α trees that are within a distance t of the plot
edge.

Since Kαβ(t) = Kβα(t) (Diggle ), but 
~
Kαβ(t) ≠ ~

Kβα(t)
because of edge effects,

~
Kαβ(t) and 

~
Kβα(t) should be

combined into a single estimator as suggested by Lotwick and
Silverman ():

nβ 
~
Kαβ(t) + nα 

~
Kβα(t)~

Kαβ(t)   =  –––––––––––––––––––                    ()
nα + nβ





I estimated K(t), K(t), and K(t) using equation (),
where type α =  trees are initial trees and type β =  trees are
ingrowth trees. The estimators 

~
K(t) and 

~
K(t) are essentially

univariate analyses of type  trees and type  trees, respectively.
I refer to the pattern formed by all trees at the first
remeasurement as the resultant pattern. Kαβ(t) was also
estimated for these trees and is denoted as 

~
K+(t).

I divided the estimators of Kαβ(t) by π and applied the
square root transformation to the result for all t. Under the
null hypothesis of randomness, this transformation stabilizes
the variance, linearizes the relationship between Kαβ(t) and t,
and makes the expected value of

~
Kαβ(t) equal to t (J. Besag, in

the discussion of Ripley []). In this discussion,
nevertheless, the transformed 

~
Kαβ(t) functions are referred to

as simply 
~
Kαβ(t), unless otherwise noted.

The recommended maximum value of t is √|A|/2 because
sampling fluctuations increase as t increases (Upton and
Fingleton ). Therefore, the recommended maximum value
of t for a . ha plot is just over  m. However, because I was
interested in small-scale patterns, I only analyzed the 

~
Kαβ(t)

functions for values of t from . to  m, in steps of . m.
Using Monte Carlo techniques, I generated % confidence

envelopes for Kαβ(t) under the random null hypothesis. Two
hundred plots were simulated for each of the nine study plots
in the following way:

For K(t), K(t), and K+(t),  Poisson forests were
generated with the appropriate number of trees, n, where n =
n for K(t), n = n for K(t), and n = n + n for K+(t).

For K(t),  sets of ingrowth tree locations were
simulated independently from, and overlaid on, the empirical
locations of the initial trees. The ingrowth tree locations were
generated by a spatial point process model that was based on
the observed locations of the ingrowth trees, as described in
the modelling section.

The next step involved estimating Kαβ(t) for each of the
above simulations and finding the .th and .th percentiles of
~
Kαβ(t) for each value of t. These values form the Monte Carlo
% confidence envelope.

Graphs were made of
~
K(t),

~
K(t),

~
K(t), and 

~
K+(t)

versus t. Their % confidence envelopes, based on the Monte
Carlo simulations, were also plotted.





results

Graphs of
~
K(t),

~
K(t),

~
K(t), and 

~
K+(t) versus t for the

nine study plots are shown in Figures –, parts B–E. The
~
K(t),

~
K(t), and 

~
K+(t) graphs are interpreted in the

following way (Diggle ). Aggregation is indicated if
~
Kαβ(t)

crosses the upper boundary of the confidence envelope, while
regularity is indicated if

~
Kαβ(t) crosses the lower boundary. If

~
Kαβ(t) remains within the envelope, there is not enough
evidence to reject the null hypothesis of randomness. The
~
Kαβ(t) graphs also indicate the scale at which aggregation or
regularity is occurring. If the 

~
Kαβ(t) graph is outside the

confidence envelope at t = t, then aggregation or regularity is
occurring at that distance.

The 
~
K(t) graph is interpreted in a different way, since it

indicates the correlation between the two types of trees. When
~
K(t) is moving away from the line 

~
K(t) = t in an upward or

downward direction, it means that components  and  are
positively or negatively correlated at range t (Diggle ).
Trees that are positively correlated tend to grow near each
other, whereas trees that are negatively correlated tend to
occupy different areas.

Plot 1 (Figure 1) 

The initial trees in plot  show slight aggregation at small scales
(part B). The ingrowth trees were also aggregated at a small
scale (part D), as was the resultant spatial pattern (part E). The
~
K(t) graph indicates that the ingrowth trees came in
independently of the initial trees (part C). All of these results
can be observed in the stem map, which shows many tight
clusters with a few trees, and single trees more or less randomly
dispersed about. The ingrowth trees appear to be randomly
distributed singly or in small clusters among the initial trees.
The intermingling of initial and ingrowth trees illustrates the
independence property of the processes.





Plot 2 (Figure 2)

Both the initial and ingrowth trees in plot  were clustered up
to about  m. As well, there was positive correlation at short
distances between the initial and ingrowth trees, indicating that
the ingrowth trees were established near the initial trees. The
resultant pattern of trees was aggregated.

Plot 3 (Figure 3)

At the time of plot establishment, plot  was the densest plot
and was clustered at all scales examined. The ingrowth trees
were uncorrelated with the initial trees. The 

~
K(t) function

was close to the upper bound of the confidence envelope for
most values of t and crossed the upper bound several times.
Therefore, the ingrowth trees came in randomly or slightly
aggregated. The resultant pattern was also aggregated at all
scales.

Plot 4 (Figure 4)

The stem map of plot  indicates that the initial trees may be
regularly distributed. However, the 

~
K(t) function is mostly

within the bounds of the confidence envelope, indicating that
the hypothesis that the initial trees are randomly distributed
cannot be rejected. This plot had the highest density of
ingrowth trees. These trees were aggregated, but established
themselves independently of the initial trees. The resultant
pattern was also aggregated; any resemblance of regularity
associated with the initial trees was eliminated by the dense
ingrowth.

Plot 5 (Figure 5)

The initial trees exhibited slight aggregation and the ingrowth
trees came in independently of the initial trees. As with plot ,
the pattern of the ingrowth trees appears to be random or
slightly aggregated. The resultant pattern was also slightly
aggregated.





Plot 6 (Figure 6)

Plot  was one of two plots where the Kαβ(t) statistic
indicated regularity in the distribution of the initial trees.
These trees were slightly aggregated at very small scales (< .
m), but were regularly distributed around  m. The ingrowth
trees were located independently of the initial trees, except
perhaps at small distances, and came in clumped. As with plot
, the initial regularity from planting was eliminated by the
ingrowth, and the resultant pattern of trees was aggregated.

Plot 7 (Figure 7)

The initial trees and the ingrowth trees in this plot were highly
aggregated at all scales under study. As well, the locations of the
two types of trees were correlated, indicating that the ingrowth
trees were in the same clusters as the initial trees. This is
apparent from the stem map. The resultant pattern of trees was
also aggregated.

Plot 8 (Figure 8)

The stem map of plot  indicates that the initial, ingrowth, and
resultant pattern of trees are all aggregated, an observation that
is supported by the Kαβ(t) statistics. It also appears from the
stem map that the initial and ingrowth tree locations may be
correlated, but this is not supported by the Kαβ(t) statistic.

Plot 9 (Figure 9)

Like plot , plot  had regularly distributed initial trees. The
ingrowth trees were aggregated and there was no correlation
between the initial and ingrowth trees. Unlike plot , however,
the resulting pattern in plot  was random, a difference that is
probably attributable to the smaller number of ingrowth trees.





MODELLING THE SPATIAL PATTERN AND ITS DYNAMICS

methods

To choose an appropriate model for the spatial pattern, I
examined the  

~
Kαβ(t) graphs and stem maps in detail. A trial-

and-error approach to modelling and parameter estimation
must often be taken (Ripley ; Diggle ). However, good
models and parameter estimates can be obtained in this way
(Ripley ). The approach I took was to identify models for
the initial and ingrowth trees and then link the two patterns
together.

To model regularly distributed trees, I used a Markov point
process (Ripley and Kelly ; Diggle ). After first
generating a Poisson forest, I randomly deleted trees one at a
time and then randomly generated new locations for the just-
deleted tree until a location was accepted. The probability p(y)
of accepting a new location is a function of the distance to
neighbouring trees (Diggle ),

n-

p(y)  =[Π h{d(i,y)}]/kn- ()

i=

where:

n = the number of trees,

d(xi, y) = the distance between tree xi and y,

k = a normalizing constant,

y = the location of the newly generated tree, and 

xi = the locations of the remaining n- trees.

The h{d(xi, y)} function is needed to calculate the
acceptance probability, and I devised it by examining the stem
map and through trial and error. The normalizing constant, k,
was chosen so that p(y) would be between  and .

To model randomly located trees, I used a Poisson process,
generating uniformly random x-y co-ordinates until the
required number of points were obtained.





To model aggregated patterns of trees, I used a Poisson
cluster process (Diggle ). Parents, or cluster centres, were
generated at the rate of ρ centres per hectare by a Poisson
process. Parent i then produced Si offspring, where Si was
independently chosen according to some probability
distribution. All offspring were independently located relative
to their parent, according to a bivariate probability distribution
function. The number of offspring Si were chosen from a
Poisson distribution and the location of the offspring relative
to their parent followed a radially symmetric bivariate normal
distribution with mean  and variance σ. The untransformed
univariate K(t) function resulting from this Poisson cluster
process has been shown to be (Diggle ):

K(t) = πt + ( - e -t2/4σ 2)/ρ. ()

Therefore, the unknown parameters of the Poisson cluster
model, σ and ρ, were estimated by fitting equation () to
functions 

~
K(t),

~
K(t), and 

~
K+(t) using non-linear least

squares. The fitting was done after applying the appropriate
back-transformation to the data to make the data and the
model compatible.

The complete spatial pattern of the trees in a plot is the
result of superpositioning the ingrowth trees on the initial
trees. The type of correlation between the two classes of trees
dictates how the superpositioning is done. Two study plots had
positively correlated initial and ingrowth tree patterns, which
indicates that the processes generating these patterns were
linked. Therefore, the model simulating these patterns had to
also link the ingrowth trees to the initial trees. The linking
process is described in more detail below for the specific plots.
For uncorrelated patterns, the resultant pattern was obtained
by independently generating initial and ingrowth tree
locations.

To assess the fit of each model, I simulated  patterns
with the models and then calculated 

~
Kαβ(t) for each

simulation. The .th and .th percentiles and average value of
~
Kαβ(t) were found for each value of t. The .th and .th

percentiles gave a % confidence envelope for the function.
These values, and the empirical

~
Kαβ(t) from the study plots,

were plotted against t. As well, I plotted a simulated stem map
so that I could visually compare a model-based pattern to the





empirical pattern. The assessment of the model was based on
how close the average 

~
Kαβ(t) values from the simulations were

to the empirical 
~
Kαβ(t) values, and on how similar the stem

maps appeared.

results

Table  contains the parameter estimates for the Poisson cluster
processes. Figures – show the results of the modelling,
which are discussed in detail below.

Plot 1 (Figure 10)

The Poisson cluster process was a good model for the initial,
ingrowth, and resultant patterns. The initial and ingrowth
patterns were independent and hence were generated
independently of each other to create the resultant pattern. The
average 

~
Kαβ(t) functions from the simulations for the initial,

ingrowth, and resultant pattern of trees closely followed the
empirical 

~
Kαβ(t) functions. The empirical 

~
Kαβ(t) functions

were within the % confidence envelope (parts B–E).

Plot 2 (Figure 11)

The correlation between the initial trees and the ingrowth trees
in plot  was positive. The graphs of

~
K(t),

~
K(t), and 

~
K(t)

are roughly similar, which suggests a linked Cox process as a
possible model (Diggle ). The Poisson cluster process,
which is one type of Cox process (Diggle ), formed the
basis for the linked Cox process. To link the initial and
ingrowth trees, I used the same parent locations to generate the
offspring co-ordinates. Initially, the parameters of the spatial
point process model were obtained by fitting equation () to
the empirical 

~
K+(t) function. Therefore, the initial and

ingrowth models had the same dispersion about common
cluster centres. This model did not result in a good fit to the
empirical 

~
Kαβ(t) functions. To improve the fit, I kept the same

cluster centre density ρ, and the same cluster centre locations
to establish the positive correlation. However, when generating
the locations of the initial and ingrowth trees relative to their





parents, I used the parameter estimates for σ from the fitting of
equation () to the empirical functions 

~
K(t) and 

~
K(t),

respectively. This resulted in a satisfactory model based on the
simulated stem map and 

~
Kαβ(t) functions from the

simulations.
The only weakness with the model is that it does not wholly

capture the small scale (t ≤ .) aggregation. Although I tried
focusing on the smaller scales by limiting the fitting to values
of t less than  (Diggle ), this resulted in a pattern that was
too aggregated and had a poorer overall fit.

Plot 3 (Figure 12)

A Poisson cluster process was used to model the spatial pattern
of the initial and ingrowth trees for plot . The graph of the
empirical 

~
K(t) function (Figure ) indicates that the

ingrowth trees may have been aggregated or randomly
distributed. It became apparent during the modelling process
that the aggregated model fit better. The initial and ingrowth
tree patterns were generated independently and then overlaid
to produce the resultant pattern. The stem map and 

~
Kαβ(t)

plots from the simulations indicated that the model is
adequate; and the % confidence envelope does not enclose
the empirical 

~
K(t) and 

~
K+(t) functions at small scales.

However, like plot , tuning the model to capture the small-
scale aggregation resulted in a poorer overall fit.

Plot 4 (Figure 13)

To model this plot, ingrowth trees generated by a Poisson
cluster process were superpositioned on randomly distributed
initial trees. The stem map and 

~
Kαβ(t) functions from the

simulations were similar to the empirical stem map and 
~
Kαβ(t)

functions. The initial trees appear to be more regularly than
randomly distributed (Figure ), and the 

~
K(t) function

provides some support for this observation. A slightly
improved model may have been attainable by simulating a
Markov process for the initial trees, but because the ingrowth
trees dominate the resultant pattern, little benefit would have
been gained by making the model more complex.





Plot 5 (Figure 14)

A Poisson cluster model was used to simulate the positions of
the initial trees. At first, a Poisson model was used to model the
ingrowth trees independently of the initial trees. However, this
did not provide a satisfactory fit to the empirical  

~
K(t) and

~
K+(t) functions. Therefore, the ingrowth trees were also
modelled by a Poisson cluster process, again independently of
the initial trees. This resulted in good fits to the empirical
~
Kαβ(t) functions.

Plot 6 (Figure 15)

It was difficult to find an adequate model to simulate the
spatial distribution of initial trees for this plot and the end
result was a model that was not a good fit. The difficulty arose
from trying to simulate the closeness of pairs of trees 
(Figure ) at one scale and the regularity of the trees at another
scale. This difficulty was partially overcome with the use of two
acceptance probability functions,

p(y) = [-d(xi,y)] if d(xi,y) < .,

h{d(xi,y)} = {. if . ≤d(xi,y)<., ()
 if d(xi,y) ≥ .,

where function h is used in equation () to calculate the
acceptance probability, and the normalizing constant, k, is .
This function allows trees to be close together (< . m apart)
with high probability. Trees that are between . m and . m
apart occur with lower probability, while trees greater than .

m apart occur with higher probability.
Simulating small-scale aggregation was difficult because the

probability of randomly choosing two tree locations that are
close is small, unless some mechanism is incorporated to create
this aggregation. Therefore, a special probability function was
created to increase the chance of keeping these trees when they
do occur. Finding a good model for the initial trees, however,
was not critical because the ingrowth trees dominate the spatial
pattern. The spatial pattern of the ingrowth trees was
simulated by a Poisson cluster process. This model was also not





a good fit, nor was the model resulting from efforts to simulate
small-scale aggregation.

Plot 7 (Figure 16)

A Poisson cluster process worked well for simulating the spatial
patterns of the initial and ingrowth trees. The dependence in
the patterns was obtained by using the same cluster centres and
estimate of σ for the initial and ingrowth trees. These
parameters were estimated by fitting equation () to the
empirical 

~
K+(t) function. However, to obtain an adequate

fit—one that focused on the small-scale properties—the
parameter estimation procedure was limited to values of t less
than or equal to . The 

~
K(t) and 

~
K+(t) functions went

slightly outside the % confidence envelope at small scales,
but generally the model was satisfactory.

Plot 8 (Figure 17)

The Poisson cluster process was an adequate model for
simulating both the initial and ingrowth tree locations. When
overlaid, the simulated initial and ingrowth tree locations
adequately represented the empirical resultant pattern. The 
~
Kαβ(t) functions went outside the % confidence envelope 
at small scales, but the larger-scale aggregation was 
modelled well.

Plot 9 (Figure 18)

The Markov point process model developed for plot 

performed about as well for the initial trees in plot . Once
again, there seemed to be two patterns at different scales:
regularity around  m and slight aggregation at larger scales.
The ingrowth trees were modelled well by the Poisson cluster
process. The resultant pattern was obtained by independently
laying the initial pattern over the ingrowth pattern.
The simulations suggest that this produces an adequately
realistic pattern.





DISCUSSION

This research brings out two important points about the
modelling of the dynamics of the spatial distribution of
regenerating lodgepole pine stands. First, aggregated spatial
patterns of ingrowth trees are common in these stands and can
be modelled effectively by a Poisson cluster process. Second,
ingrowth trees often, but not always, have spatial locations that
are independent of those of the existing trees.

When there is dependence between ingrowth and existing
trees, they are positively correlated, and the ingrowth trees
therefore tend to be near the existing trees. The dependence is
probably due to environmental factors. This is certainly the
case for plot , the west side of which has exposed bedrock and
is almost devoid of seedlings. The seedlings that are there tend
to grow in pockets where soil exists. From a modelling
perspective, this independence is fortuitous because it makes
generating tree locations much simpler. They can be generated
at each time step of the model (e.g., annually) and then simply
overlaid on the existing stand. If dependence is simulated, the
locations of existing trees have to be taken into account.

This study focused on small-scale spatial patterns because
juvenile trees interact with each other at small distances. Scale
is an important factor to consider when one is designing a
study that examines the spatial pattern of trees (such as this
one) and analyzing the data. Spatial pattern depends on the
scale at which the investigation is carried out (Wiens ;
Hurlbert ), because scale itself will affect design
parameters such as plot size. Although analysis using Ripley’s
K(t) statistic allows the spatial pattern to be detected at
different scales, this ability is limited by the size of the study
plots. Other techniques have been proposed to detect patterns
at multiple scales (for example, Greig-Smith [] and Mead
[]), but they do not lend much insight into an appropriate
spatial model (Diggle ).

In this study, only nine of the  plots had enough ingrowth
to warrant an analysis of the dynamics of their spatial
distribution. The ingrowth in the remaining  plots was slight
and, as mortality was also low, their spatial pattern did not
change. Although these plots were not considered in this study,
the fact that their spatial pattern was relatively static does have
important growth and yield modelling implications. Modelling





the spatial pattern of trees in regenerating stands is greatly
simplified when there is no appreciable ingrowth.

Identifying the spatial correlation between the two types of
trees is the main difference between univariate and bivariate
spatial analyses. Therefore, this study placed emphasis on
identifying this correlation. Correlation can occur even when
the two types of trees are random. To understand this, consider
a situation where type α trees are distributed randomly. Type β
tree locations are generated by offsetting all type α tree
locations a constant distance and direction. The two
components are randomly distributed, but there is a strong
positive correlation between them.

Positive correlation in regenerating stands could be caused
by several factors. For example, environmental factors such as
heavy brush, rock, and slash piles may prevent trees from
germinating or being planted in certain areas. If the serotinous
cones of lodgepole pine open after falling, several seeds from
the same cone may germinate in close proximity (Lotan and
Perry ). This will result in clumps of trees at very small
scales. Field observations support this: several lodgepole pine
seedlings are often found growing at one location. Another
factor is soil. Exposed mineral soil provides a favourable
seedbed (Lotan and Perry ), and therefore germination
may be higher in areas that have exposed mineral soil resulting
from site preparation. This may explain why some regeneration
is aggregated.

If the germination and growth of seedlings are both
temporally variable, this may also result in positive spatial
correlations because the trees in the study plots would appear
close together, but at different times. Negative spatial
correlation was not present in any of the plots of this study,
although an example of it has been reported in the literature
(Diggle ). In that case, the density of hickory and maple
trees were complementary, that is, areas with low densities of
maple had high densities of hickory and vice versa. Negative
correlation may occur when an ecologically heterogeneous site
is occupied by two or more tree species and each ecosystem
type is occupied by only one species. It may also occur in gap
regeneration, where young trees occupy openings left by dead
overstorey trees and are surrounded by older trees (Oliver and
Larson ).





The initial trees in plot  appeared to be regular, but this
observation was not strongly supported by Kαβ(t) plots. The
Kαβ(t) plots indicate that the ingrowth trees in plots  and 
may have been randomly distributed, but an aggregation
model resulted in better simulations. These apparent
aberrations are probably caused by small sample sizes. In these
situations, observations of the stem maps gave more insight
into the spatial pattern than did the Kαβ(t) functions.
However, this is not always the case, as Diggle (, p. )
observes in his analysis of Strauss’s () redwood seedlings.





CONCLUSION

Modelling the spatial distribution dynamics of seedlings is an
important part of regeneration modelling because seedling
establishment occurs over a period of time. The spatial pattern
of regenerating lodgepole pine can be modelled effectively by
either a Poisson process for random distributions, a Markov
process for regular distributions, or a Poisson cluster process
for aggregated patterns. This study found that regeneration
either occurred independently of established seedlings or
showed a positive correlation between the locations of new
trees and previously established trees. When regeneration
occurs independently, the dynamics of the spatial pattern can
be modelled by simply generating independent outcomes of
the appropriate processes. If positive correlation is required, a
mechanism must be incorporated into the simulation process
to ensure that the new seedlings are established in the
proximity of existing regeneration.



table  Summary information about the nine study plots

Average Average
Plot  ⁄  ⁄ diameter height
size density Ingrowth Mortality density (mm) (cm)

Plot (ha) (spha) (sph) (sph) (sph)  ⁄  ⁄  ⁄  /

1 0.01 11 200 3 500 0 14 700 12.7 16.4 78.8 116.4
2 0.01 6 100 2 300 200 8 200 9.4 17.7 56.3 102.4
3 0.01 27 600 4 500 1 500 30 600 9.2 12.3 67.3 95.5
4 0.03 1 600 8 733 200 10 133 5.8 7.6 41.6 48.6
5 0.01 5 000 3 100 300 7 800 8.7 13.9 51.5 82.9
6 0.03 1 667 2 700 0 4 367 11.0 13.8 62.2 83.5
7 0.02 2 750 1 300 0 4 050 10.4 16.0 51.0 82.3
8 0.02 3 750 3 800 0 7 550 8.2 14.6 54.3 91.8
9 0.03 1 800 800 0 2 600 11.2 20.3 59.1 111.6

asph—stems per hectare.



table  Estimated parameters for the Poisson cluster processes

K(t) K(t) K+(t)

Plot ρ (per ha) σ (m) ρ (per ha) σ (m) ρ (per ha) σ (m)

1 7 852 0.08148 3 453 0.003128 9 402 0.06830
2 1 670 0.2740 1 980 0.05967 2 001 0.1774
3 585 0.8632 7 341 0.05813 743 0.8693
4 2 931 0.2302 4 351 0.1899
5 3 390 0.1965 5 855 0.09778 5 923 0.1940 
6 261 0.9682 1 056 0.5225
7 531 0.7664 903 0.1458 583 0.6871
8 764 0.4262 752 0.9832 1 083 0.6498
9 1 367 0.07553





figure 1 Plot 1: (A) Stem map (• - initial tree, ° - ingrowth tree), and graph of
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) (——) with 95%
confidence envelopes (– – –).





figure  Plot 2: (A) Stem map (• - initial tree, ° - ingrowth tree), and graph of
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) (——) with 95%
confidence envelopes (– – –).





figure  Plot 3: (A) Stem map (• - initial tree, ° - ingrowth tree), and graph of
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) (——) with 95%
confidence envelopes (– – –).





figure  Plot 4: (A) Stem map (• - initial tree, ° - ingrowth tree), and graph of
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) (——) with 95%
confidence envelopes (– – –).





figure  Plot 5: (A) Stem map (• - initial tree, ° - ingrowth tree), and graph of
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) (——) with 95%
confidence envelopes (– – –).





figure  Plot 6: (A) Stem map (• - initial tree, ° - ingrowth tree), and graph of
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) (——) with 95%
confidence envelopes (– – –).





figure  Plot 7: (A) Stem map (• - initial tree, ° - ingrowth tree), and graph of
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) (——) with 95%
confidence envelopes (– – –).





figure  Plot 8: (A) Stem map (• - initial tree, ° - ingrowth tree), and graph of
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) (——) with 95%
confidence envelopes (– – –).





figure  Plot 9: (A) Stem map (• - initial tree, ° - ingrowth tree), and graph of
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) (——) with 95%
confidence envelopes (– – –).





figure  Plot 1 simulations: (A) typical stem map (• - initial tree, 

° - ingrowth tree), and graph of average (–––) and empirical (–––)
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) with 95% 
confidence envelopes (– – –).





figure  Plot 2 simulations: (A) typical stem map (• - initial tree, 

° - ingrowth tree), and graph of average (–––) and empirical (–––)
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) with 95% confidence
envelopes (– – –).





figure  Plot 3 simulations: (A) typical stem map (• - initial tree, 

° - ingrowth tree), and graph of average (–––) and empirical (–––)
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) with 95% confidence
envelopes (– – –).





figure  Plot 4 simulations: (A) typical stem map (• - initial tree, 

° - ingrowth tree), and graph of average (–––) and empirical (–––)
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) with 95% confidence
envelopes (– – –).





figure  Plot 5 simulations: (A) typical stem map (• - initial tree, 

° - ingrowth tree), and graph of average (–––) and empirical (–––)
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) with 95% confidence
envelopes (– – –).





figure  Plot 6 simulations: (A) typical stem map (• - initial tree, 

° - ingrowth tree), and graph of average (–––) and empirical (–––)
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) with 95% confidence
envelopes (– – –).





figure  Plot 7 simulations: (A) typical stem map (• - initial tree, 

° - ingrowth tree), and graph of average (–––) and empirical (–––)
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) with 95% confidence
envelopes (– – –).





figure  Plot 8 simulations: (A) typical stem map (• - initial tree, 

° - ingrowth tree), and graph of average (–––) and empirical (–––)
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) with 95% confidence
envelopes (– – –).





figure  Plot 9 simulations: (A) typical stem map (• - initial tree, 

° - ingrowth tree), and graph of average (–––) and empirical (–––)
(B) ~K11(t), (C) ~K12(t), (D) ~K22(t), and (E) ~K1+2(t) with 95% confidence
envelopes (– – –).
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