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ABSTRACT

The British Columbia Ministry of Forests, Lands, Natural 
Resource Operations and Rural Development is in the process 
of updating its recommended site index models for estimating 
site height and site index. The purpose of this undertaking is 
to modernize these models with better fitting techniques. This 
report describes the fitting of a new site index model for white 
spruce (Picea glauca [Moench] Voss) and the development of 
a height growth model that is the derivative of the site index 
model. The data came from eight projects in which stem 
analysis data for white spruce were collected. The height 
growth and height models were based on the von Bertalanffy 
(Chapman-Richards) function. To account for tree-to-tree 
variation in height growth and height, the models were fit as 
mixed-effect models with tree as the subject and as models with 
their parameters as functions of site index. The height growth 
and height models were fit simultaneously so that they had the 
same parameter estimates. The models were based on breast 
height age, as is the norm in British Columbia. However, the 
formulation adopted in the analysis also resulted in models that 
predict height growth and height below breast height and in a 
years-to-breast-height model.
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1 INTRODUCTION

The white spruce (Picea glauca [Moench] Voss) site index model 
currently recommended for use in British Columbia was devel-
oped in 1984 with stem analysis data from Alberta and eastern 
British Columbia (Thrower et al. 1994). A site index model pre-
dicts the height of site trees (see B.C. Ministry of Forests and 
Range [2009] for a description of a site tree). The following 
outlines the motivation for developing new site index models 
for white spruce:
• Since 1984, additional stem analysis data that are suitable for 

developing a site index model have been collected through-
out British Columbia. A site index model based on these 
data should be better suited to predicting heights in British 
Columbia than a model based mostly on Alberta data. 

• A program by the British Columbia Ministry of Forests, 
Lands, Natural Resource Operations and Rural Development 
is under way to update the recommended site index models 
in British Columbia with new data and modelling tech-
niques, depending on the availability of data for each species. 
These techniques remove biases in the existing model that 
are caused by forcing the model to go through the site index 
(height at an index age, which is 50 years at breast height 
in British Columbia) and can allow the models to be used 
without the need for site index. 

• There is interest in having a height growth form of the site 
index model.

This Research Report addresses both the need for an updated 
site index model for white spruce and a height growth version 
of the model.

2 DATA

The data for developing site index models should come from 
sample trees that reflect the productivity of the site. These trees 
are referred to as site trees. Therefore, the sample trees should 
be free-growing above breast height, undamaged, and free of 
suppression, disease, and insect attack. The site tree data for 
this analysis came from eight projects with varying amounts of 
metadata. For some projects, it is unknown whether the trees 



2

met the preceding criteria; consequently, a rigorous screening of 
the data was done to ensure that the trees reflected the produc-
tivity of the site. The site tree data for this analysis were obtained 
from the following projects:

BWBS: Eighteen plots of data were collected in the Boreal 
White and Black Spruce (BWBS) biogeoclimatic zone in British 
Columbia to validate the interior spruce growth intercept model 
for this zone (Nigh 2004). Height data were obtained using the 
stem splitting technique (for a description of this technique, see 
Nigh 2017). One tree was sampled in each 0.01-ha plot.

CFS: Thirty-five plots of stem analysis data were collected by 
the Canadian Forest Service (CFS) in 1962. One tree was sam-
pled in each plot; plot size is unknown.

EIS: A set of stem analysis data was sampled in 1980 to com-
pare the growth of lodgepole pine (Pinus contorta var. latifolia) 
and white spruce in the interior of British Columbia (Eis et al. 
1982). Thirty-one plots are extant and were used in this proj-
ect. One spruce tree from each plot was sampled; plot size is 
unknown.

IFS: Sixty-two plots of stem analysis data were collected 
throughout the interior of British Columbia in 1990. Each 0.04-
ha plot contained four sample trees.

JST: Forty-five plots of stem analysis data were collected in 
the Lakes, Morice, Prince George, and Quesnel Timber Supply 
Areas in 1994 to develop a growth intercept model (Nigh 1999). 
Each 0.03-ha plot contained three sample trees.

JUV: Thirty-nine plots of white spruce data were collected 
in 1998 using the stem splitting technique in the Sub-Boreal 
Spruce, Engelmann Spruce – Subalpine Fir, and Interior Cedar- 
Hemlock biogeoclimatic zones around Smithers, B.C. (Nigh 
and Love 2000). These data were collected to model the height 
of juvenile interior spruce trees. Four trees in each 0.04-ha plot 
were sampled.

SYL: Twenty stem analysis plots were sampled in the Sub-
Boreal Spruce biogeoclimatic zone in 1989. Four trees were 
sampled in each 0.04-ha plot.

UBC: One hundred and two plots of data were collected 
throughout the Sub-Boreal Spruce biogeoclimatic zone in 1991 
to relate the ecological site quality to height growth (Wang 
1993). Three trees were sampled from each plot; plot size varied 
but was usually 0.04 ha.

The stem analysis data were converted into height–age data, 
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as described by Newberry (1991). No equivalent data manipu-
lations were required for the stem splitting data since the sam-
pling technique produced annual height measurements directly. 
The BWBS, JUV, CFS, and EIS projects had height data down to 
the point of germination. The IFS, JST, SYL, and UBC projects 
had height data down to stump height (0.3 m); the height in-
crements immediately above stump height of these trees were 
extrapolated to ground level to obtain height estimates down to 
the point of germination.

The data were rogued to remove trees that were damaged or 
suppressed because these trees were not in the population of site 
trees whose height growth was being modelled. This was done 
by plotting and comparing the height trajectories of trees within 
plots. Trees that showed abnormal growth were removed from 
the data set. The height data were then averaged across the sam-
ple trees within a plot starting from the point of germination (a 
height of 0) to give one height–age trajectory for each plot. The 
plot average heights were then plotted and compared with each 
other to identify abnormal height growth. This was done because 
some plots contained only one sample tree, so no within-plot 
comparison could be made. Again, plots that showed evidence 
of suppression or breakage were deleted from the data set. There 
were 221 plots of data after rogueing. 

Breast height age 1 is the age of the tree at the end of the year 
in which the tree surpassed breast height (1.3 m) and ages at 
other heights follow chronologically from breast height age 1. 
Breast height ages less than or equal to 0 were allowed for tree 
heights that were below 1.3 m. While this may be unusual, the 
model fit to the data (see Section 3) allowed non-positive breast 
height ages. Therefore, the model was based on breast height 
age, which follows standard practice in British Columbia, yet 
allows height to be predicted below breast height without the 
need for a years-to-breast-height correction factor or a special 
model, such as a juvenile height model. 

The height increment rate at each age was calculated using the 
centred difference approximation (Greenspan and Benney 1973):

Hg(t) =    
[H(t + 1) − H(t − 1)]

  
2

where Hg(t) is an approximation of the height growth of a tree 
at breast height age t and H(t) is the height of the tree at breast 
height age t.
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The data were randomly split into model development and 
model testing data sets. Site index is the height at breast height 
age 50. Therefore, plots that were younger than 50 years did not 
have a site index. Since model testing involved predicting height 
growth and height from site index, plots that did not have a 
site index could not be used for testing and were assigned to 
the model development data set. These data could be used for 
the mixed effects modelling technique but not the site index 
modelling technique (see Sections 3.1 and 3.2 for descriptions 
of these techniques). There were 146 plots for fitting the model 
and 75 plots for model testing. A subset of the data was analyzed 
to reduce within-plot correlation among the data. Therefore, all 
the data points below breast height and data at 5-year intervals 
starting at breast height age 5 were kept for both model fitting 
and testing. Removing some data did not negatively affect the 
results because all the data were not necessary to define the 
height and height growth trajectories. The data selection in-
tensity below breast height was greater than that above breast 
height because retaining data at 5-year intervals below breast 
height would have resulted in too few data points to adequately 
capture the height development, which tends to change rapidly 
below breast height as compared with above breast height.

3 MODEL DEVELOPMENT

The von Bertalanffy (also known as the Chapman-Richards) 
function is the basis for the site index model, which is referred to 
as a height model to avoid confusion with the site index model-
ling technique described in Section 3.2. The height growth incre-
ment can be expressed as a differential equation (Garcia 1999): 

 dH⁄dt = ηHm − κH (1)

or alternatively with the derivative as the cth power of height:

 dHc⁄dt = b (ac − Hc) (2)

which can also be written as:

 dH⁄dt = H (b/c) [(a/H)c − 1] (3)



5

where η, m, κ, a, b, and c are parameters with m = 1 − c,  
η = acb/c, and κ = b/c; H is tree height (metres) at breast height 
age t (years); and d is notation for differentiation. The solution 
to this equation is:

 H = a[1 − (1 − {H0/a}c)e−b(t − t0)]1/c (4)

where H0 is a known height at age t0. By setting t0 = 0.5, then 
H0 = 1.3 (Nigh 1995), and the equation becomes:

 H = a[1 − (1 − {1.3/a}c)e−b(t − 0.5)]1/c (5)

Equation 3 formed the basis of the height growth model, and 
Equation 5 formed the basis of the height model to be fitted.

These models are of limited utility because they do not cap-
ture any of the tree-to-tree variability in height or height growth, 
which can be substantial. To improve their utility, they were fit 
both as a mixed effects model and a model with parameters that 
are a function of site index. All fitting was done using procedure 
NLMIXED in the SAS software (SAS Institute Inc. 2011).

3.1 mixed effects modelling technique

A preliminary analysis showed that parameter b is relatively 
constant for all trees, and hence, was a fixed effect. However, 
parameters a and c varied by tree; therefore, Equations 3 and 5 
were fit as mixed effects models:

 dH⁄dt = H[b/(c + v)][{(a + u)/H}(c + v) − 1] (6)

 H = (a + u)[1 − (1 − {1.3/(a + u)}(c + v))e−b(t − 0.5)]1/(c + v)
   (7)

where a, b, and c are fixed effects, and u and v are random ef-
fects. These two equations were combined into one model and 
were fitted simultaneously; subscripts for H, t, u and v are omit-
ted for clarity:

 y = Ig × H[b/(c + v)][{(a + u)/H}(c + v) − 1] + Ih × (a + u)
  [1 − (1 − {1.3/(a + u)}(c + v))e−b(t − 0.5)]1/(c + v) + ε 
   (8)
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where y is either height or height growth at age t and height 
H; Ig is an indicator variable that is 1 if y is height growth, or 0 
otherwise; Ih is an indicator variable that is 1 if y is height, or 0 
otherwise; and ε is the error term with the usual assumptions 
of normality, homoscedasticity, and independence. The random 
effects were assumed to be multivariate normally distributed 
with a mean of 0, variances of su

2  and sv
2 , and covariance suv. A 

Cholesky parameterization of the variance/covariance matrix 
of the random effects was used to ensure that the matrix was at 
least positive semi-definite (Littell et al. 2006). This parameter-
ization was su

2  = t11
2, suv = t11 t12, and sv

2  = t12
2 + t22

2, where t11, t12, and 
t22 were parameters to be estimated during the fitting proce-
dure. The variance of the residual errors (i.e., the variance of the 
ε) differed depending on whether y was height or height growth. 
Therefore, the variance of ε was expressed as sε

2  = Ig × es2
g + Ih × es2

h, 
and sg

2  (natural logarithm of the error variance for the growth 
data) and sh

2  (natural logarithm of the error variance for the 
height data) were the error parameters, which were estimated 
along with the other parameters. The exponentiation was done 
to aid in the convergence of the fitting routine. During model 
fitting, it was possible for the expression in the square brackets 
in the second part of Equation 8 to be negative and to cause the 
fitting procedure to abort because a negative number cannot 
be raised to a non-integer power. This occurred when t < −ytbh 
(years-to-breast-height; i.e., the number of years it takes a site 
tree to reach breast height [1.3 m] after it germinates), where:

 ytbh = (−ln[1 − {1.3/(a + u)}(c + v)] / b) − 0.5 (9)

To prevent the fitting routine from aborting, the predicted 
height was set to 0 when t < −ytbh. The expression for ytbh was 
obtained by setting H to zero in Equation 7 and solving for t. This 
resulted in a negative value for t because t was negative for heights 
below breast height. Negating t when H equals zero gave ytbh.

3.2 site index modelling technique

This technique replaced parameters a and c in Equations 3 and 
5 with functions of site index (S). The form of these functions 
was determined by plotting (a + u) and (c + v) from the analy-
sis of Equation 8 against S (Figure 1). These plots suggested that 
a linear relationship existed between parameters a and c and S. 
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figure 1 Graphs of (a + u) and (c + v) versus site index.
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Therefore, the random effects u and v in Equation 8 were re-
moved, and the fixed effects a and c were replaced with the 
following functions:

 a = a0 + a1 × S
 c = c0 + c1 × S

The resulting model (Equation 10) was then fit to the stem analysis 
data.

 y = Ig × H(b/c)[(a/H)c − 1] +  
  Ih × a[1 − (1 − {1.3/a}c)e−b(t − 0.5)]1/c + ε (10)

where parameters a and c were replaced with the above func-
tions of S. Equation 9 was similarly modified to give a ytbh 
model based on site index.

3.3 model assessment

The fitted models were assessed by comparing the Akaike 
Information Criterion (AIC) (Burnham and Anderson 2002) 
and the mean of the estimates of the error term (ε) divided by 
the square root of the estimate of sε

2. The comparison of the 
mean of the estimated errors was conducted using all of the 
data, and for the height growth and height data separately.

3.4 model testing

The values of the random effects (u and v) in Equation 8 were 
predicted for the trees in the test data set before this model was 
tested. This process is known as calibration. The site index was 
chosen as the calibration point because Equation 10 also re-
quired site index to predict height growth and height. Basing 
the testing on the same data point (site index) for both mod-
els gave a fair comparison. As well, in practice, site index will 
be the most common data point for calibrating the models. 
Calibration was done in procedure NLMIXED by setting the pa-
rameters equal to their estimated values from the model fitting 
step, using height growth or height as the response variable, 
and using the TECH = NONE option so that no optimization was 
done but the parameters u and v were predicted for each plot 
in the test data set.
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Height growth and height for each age and tree in the test 
data set were predicted with Equations 8 and 10 and were sub-
tracted from the observed height growth and height, respective-
ly, to give the error in the predictions. The mean of the height 
growth and height errors and their standard errors were cal-
culated for Equations 8 and 10. The means of the errors and 
their 95% confidence intervals were also calculated and plotted 
by breast height age for ages where there were at least 10 obser-
vations so that the confidence intervals were relatively informa-
tive. These graphs were created to compare the models across a 
range of ages.

4 RESULTS

Summary statistics for the model fitting and model testing data 
sets are presented in Table 1.

table 1 Summary statistics (mean, minimum, and maximum) for the model fitting and 
model testing data sets. Of the 146 plots in the fitting data set, 74 plots were 
younger than breast height age 50 and hence did not have a site index.

Breast height age (yr) Height (m) Site index (m)
Data set No. plots Mean Min. Max. Mean Min. Max. Mean Min. Max.
Fitting 146 52 10 183 18.76 5.04 44.63 18.88 11.24 26.55
Testing 75 75 50 153 25.03 13.85 39.60 19.13 12.49 25.68

Table 2 presents the results of the analysis of models 8 and 10. 
The residual error term had a variance that depends on whether 
the response variable is height growth or height. The variances 
of the height growth errors were 0.003782 for the mixed effects 
modelling technique and 0.005484 for the site index modelling 
technique. The variances of the height errors were 0.07807 for 
the mixed effects technique and 0.7791 for the site index tech-
nique. The height growth predictions were more precise than 
the height predictions because the magnitude of height growth 
was much less than that for height, and correspondingly, the 
errors in height growth predictions were much less than those 
for height. The mixed effects model was more precise than the 
site index model because it was a more flexible model (Stewart 
et al. 2011), but this does not necessarily translate into a better 
model in customary practice.
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Model assessment based on the fitting data showed that the 
AIC for the mixed effects model (−4964) was substantially small-
er than the AIC for the site index model (404), which indicates 
that the mixed effects model was closer to the true (but un-
known) underlying processes being modelled. The magnitude of 
the mean error for the fitting data was smaller for the site index 
fitting technique (0.00265) than for the mixed effects technique 
(0.0132). When examined by height growth and height, the mean 
error for height growth and height were smaller for the site index 
technique (−0.0614 and 0.0662, respectively) than for the mixed 
effects technique (−0.0831 and 0.107, respectively). The overall 
mean errors were not significantly different from 0 (α = 0.05) for 
height growth and height, but were significantly different when 
examined separately by fitting technique.

The magnitudes of the mean errors from testing the models 
with the test data set were smaller for the site index fitting tech-
nique than for the mixed effects fitting technique. The mean errors 
for height growth and height were −0.0131 and 0.153, respective-
ly, for the mixed effects modelling technique and −0.00427 and 
0.00692 respectively, for the site index modelling technique. 
These mean errors were significantly different from 0 (α = 0.05), 
except for the mean error for height with the site index modelling 
technique. Operationally, however, these mean errors are small. 

Figure 2 shows the mean errors in height growth and height 
by age for the two modelling techniques, along with their 95% 
confidence interval. One interpretation of these graphs is that 

table 2 Parameter estimates and their standard errors (Std. Err.) for the fitted models

Mixed effects Site index
Parameter Estimate Std. Err. Estimate Std. Err.

a 41.1489 0.9266 – –
a0 –a – 17.4671 0.5045
a1 – – 1.1653 0.0296
b 0.02317 0.000209 0.02007 0.000263
c 0.4468 0.01143 – –
c0 – – −0.05288 0.02434
c1 – – 0.02809 0.001046
s u
2 96.1922 15.9798 – –

suv −0.2763 0.1159 – –
s v
2 0.01621 0.001958 – –

a This parameter was not in the fitted model.
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figure 2 Mean error (solid line) and its 95% confidence interval 
(dashed lines) across a range of breast height ages 
that had at least 10 observations for height growth 
([a] mixed effects modelling technique; [b] site index 
modelling technique) and for height ([c] mixed effects 
modelling technique; [d] site index modelling technique).
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figure 2 (continued)
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the model with the mean error that is closest to the horizontal 
line at 0.0 is more accurate. When both the upper and lower 
confidence intervals are on the same side of the horizontal line 
at 0.0, the model has a statistically significant bias. The width of 
the confidence interval is also an indicator of how variable the 
errors in the estimated height growth or height are at that age. 
Overall, the model with the mean error closest to 0.0 and with a 
narrower confidence interval can be interpreted to be the better 
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model. At younger ages, both modelling techniques performed 
about the same for predicting both height growth and height. 
At older ages, the site index modelling technique produced 
a smaller mean error for both height growth and height. The 
mixed effects model did not show a clear superiority over the 
site index model when the mixed effects model was calibrated 
with a new site index datum.

5 DISCUSSION

This research provides two potential models for estimating the 
height or height growth of white spruce in British Columbia. The 
following points should be considered when selecting a model:
• If the base age for site index is not 50 years at breast height, 

then the mixed effects model must be used. This is not likely 
to be an issue in British Columbia because site index is de-
fined with a base age of 50 years at breast height.

• Performing a calibration of the mixed effects model requires 
specialized software (e.g., SAS) and somewhat advanced sta-
tistical knowledge. If access to either of these is lacking, the 
site index model should be used.

• If there is only one point for model calibration, particular-
ly if that point is the site index, then the site index model 
should be used. For example, this will most likely be the case 
for inventory data since only one age and height are in the 
inventory files.

• If there are multiple height–age points for calibration, con-
sideration should be given to using the mixed effects model. 
Although not tested here, superior accuracy from the mixed 
effects model with multiple calibration points should be ex-
pected, especially if those points are spread over a wide age 
range. Situations where multiple height measurements might 
be available are in the analysis of permanent sample plots 
(e.g., research plots) that have been re-measured over time.

For most applications, the site index model will be the model 
of choice. 

Predicted heights from the site index formulated model are 
shown in Figure 3 for site indices 10, 15, 20, and 25 m at breast 
height age 50. Predicted heights from the previously recommend-
ed model for white spruce (Thrower et al. 1994) are also shown for 
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figure 3 Site index curves (site index modelling technique) 
developed in this research (solid lines) and those used 
previously in British Columbia (dashed lines) to predict 
site height. Curves are shown for site indices of 10, 15, 
20, and 25 m.

comparison. The predictions are in close agreement up to breast 
height age 75 or so, depending on the site index. At older ages and 
at higher site indices, in particular, the predictions diverge. Care 
should be taken when extrapolating these models

An alternative parameterization of Equation 4, and one that 
is perhaps more common, is to set t0 = 0.5 and H0 = 0 and add 1.3 
(breast height) as an intercept term to the model, giving:

H = 1.3 + a[1 −e−b(t − 0.5)]1/c

Unlike the parameterization given by Equation 5, this param-
eterization will not predict heights for breast height ages that are 
less than or equal to 0 (i.e., for heights below breast height) be-
cause the term in square brackets becomes negative. Therefore, 
the parameterization given by Equation 5 has some advantag-
es over the more usual parameterization in that it will predict 
heights across any feasible age range (i.e., non-negative total 
ages), and it yields a years-to-breast-height function (Equation 
9). With the alternative parameterization given above, additional 
models are required to predict heights below breast height and 
years-to-breast-height.
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6 CONCLUSION

Two new site index (height) models for white spruce were de-
veloped along with related height growth models. One set of 
models is mixed-effects models; the other set uses site index to 
predict height and height growth, which will likely prove more 
useful in practice. The models were formulated in such a way 
that, although they are based on breast height age, they can pre-
dict heights below breast height (i.e., for negative breast height 
ages). A years-to-breast-height function was also derived from 
the models.
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