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Background 
 
 Density-size relationships show promise as a potential method for quantifying available 
space and resources needed for the establishment and growth of regeneration in stands being 
managed using a selection system. For instance, Reinecke’s Stand Density Index (SDI) is closely 
related to periodic annual increment (Innes et al 2005), light capture (Vales and Bunnell 1988) 
and the -3/2 self thinning constant (Long 1985). Zeide (2005) recommends the use of SDI in 
place of basal area or trees per hectare as an ecologically meaningful measure of density. 
 The following analysis uses stand density indices to explore relationships between 
overstory and understory stocking levels. For this analysis SDI, basal area  per hectare and trees 
per hectare were used. Simple linear regression analysis was used to explore stocking 
relationships in stands within the St Mary River research trial, located in the interior Douglas fir 
zone of British Columbia.  
 The St. Mary River experimental design is a randomized incomplete block with 
replication, where each treatment unit (100m x 100 m) is replicated four times. Blocks are 
segregated into three physical locations and have an unbalanced assignment of treatment units. 
Four treatments with target basal areas retaining 8 m2/ha, 16 m2/ha and 24 m2/ha and un-
harvested or 36m2 were randomly assigned to sixteen treatment units (making 4 replicates of the 
4 treatments). Each unit is delineated into a 10 m x 10 m square grid, where each square 
represents a subplot. Out of the 100 subplots, 16 subplots of the inner 64 were randomly selected 
for sampling. Within each subplot a 3.99 m radius regeneration plot was established to assess 
understory performance. 
 
Data 
 
 In the growing season of 2008, the B.C. MOFR contracted data collection in the St. Mary 
River Research Trial site. Data was collected according to the RISC standards found in ‘Forest 
Inventory and Monitoring Program: Growth and Yield Standards and Procedures Version 1.0 
(RISC 2003). Specifically, trees within the 10 m x 10 m plots were measured for species, DBH, 
height, height to live crown, tree class, crown class, crown closure and pathological indicators.  
 Using the same plot center as the 10 x 10 m subplots, a 3.99 m radius subplot was used to 
assess both density and growth variables for natural regeneration. The species and subsequent 
number of stems stratified into two layer classes (0 = 15 cm to 1.3 m tall and 1 = over 1.3 m tall 
to 3.9 cm DBH) were tallied. Growth variables being measured included root collar diameter, 
DBH, height to top of bud, height to base of leader, height to live crown, crown width, vigor and 
a complete damage assessment (leader, foliage, stem and subsequent cause). 
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 Tree assessments were evaluated based on the following estimators of accuracy: tree 
height difference of 4% or 4 cm, height increments over 2% difference, RCD over 15% or 2.1 
mm difference, DBH over 5% or 2 mm difference and crown width over 20 cm difference in 
distance. A 10% difference was allowed for tree density estimates, condition, vigor and damage 
codes. 
 Initial compilation of plot data revealed replicates of subplots were unbalanced in 2 of the 
16 treatment units (plots 1 and 11) for growth and yield data of trees greater than 4 cm DBH. 
Uneven replicates were also found with growth and yield data for trees less than 4 cm.  
 
Variable Description 
 
 Independent Variables 
 
 All trees greater or equal to 10 cm DBH have been used to calculate the following 
variables: 
 

• Trees per Hectare (TPH): The number of trees summed within subplots and expressed on 
a hectare unit of area. 

• Stand Density Index (SDI/ha): The diameter at breast height referenced to a 25 cm 
diameter tree and raised to a constant found by Reineke (1933) explaining natural 
thinning characteristics. SDI = [DBH08/25]1.6. Individual tree SDI values were then 
summed across plots and expressed on a hectare unit of area. 

• Basal Area per Hectare (Ba/ha): The cross sectional area at breast height summed within 
subplots and expressed on a hectare unit of area. 

 
 Dependent Variables 
 
 All trees greater than 0 DBH and less than 10 cm DBH have been used to calculate the 
following variables: 
 

• SDI/ha 
• Ba/ha 
• TPH 

 
Regression Analysis 
  
Objectives  
 

1. To examine relationships between overstory SDI and understory SDI 
2. To examine relationships between overstory Ba/ha and understory Ba/ha 
3. To examine relationships between overstory TPH and understory TPH. 
 

Note: All independent variables were correlated with one another (p<0.0001). 
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Model 1: Using Basal Area 
  
 

General Linear Model 
 
 Yij = β0 + β1Xi + eij 
 Ba/ha understory =  β0 + β1*Ba/ha overstory 
 

0

4

8

12

16

0 20 40 60 80 100 120

Ba/ha overstory

B
a/

ha
 u

nd
er

st
or

y

 
Figure 1. Plot of initial raw data of overstory basal area predicting understory basal area. 

 

• Data do not meet the assumptions of regression. Residuals are not normally distributed 
and variance increases with increasing overstory basal area.  

 
• Using square root transformation data became normalized. 

o sbaover = √ baover  
o sbaunder = √ baunder 

 
Including block and area into the equation, where block is the 100m x 100m treatment plots 
and area is the physical separation of treatment units (ie statistical blocks). Collectively 
forming the following model: 
* Note area was correlated with sbaover (p=0.0002) and thus is taken out of the model 
 
Yijk = β0 + β1X1i + β2X2j + eijk    where i = 1 … n, j = 1… 16 and k = 1 … 3. 
 
Yijk is the individual observation of the dependant (sbaunder) variable 
β0 is the intercept 
β1 is the slope for the effect of sbaover 
β2 is the slope for the effect of block 
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     Analysis of Variance 
 
                                                              Sum of           Mean 
           Source                        DF        Squares         Square    F Value    Pr > F 
 
           Model                            2       14.37592        7.18796      15.19    <.0001 
           Error                          250      118.30892        0.47324 
           Corrected Total         252      132.68484 
 
 
                        Root MSE              0.68792    R-Square     0.1083 
                        Dependent Mean        1.24930    Adj R-Sq     0.1012 
                        Coeff Var            55.06462 
 
 
                                        Parameter Estimates 
 
                                           Parameter       Standard 
         Variable     Label        DF       Estimate          Error    t Value    Pr > |t| 
 
         Intercept    Intercept     1        1.49721        0.16420       9.12      <.0001 
         sbaover      sbaover       1        0.03966        0.03019       1.31      0.1901 
         block        block         1       -0.05156        0.00944      -5.46      <.0001 
 
Notes: The model has a low R2 value (0.10), suggesting covariates will be needed to explain 
other sources of variation. All independent variables were not correlated (p=0.10). 

 
Partition the Variation into overstory size classes based on basal area 

 
Test for Normality: 

Size Class Shapiro-Wilk p < W 
<12.5 m2/ha 0.97685 0.513 

12.5 – 20 m2/ha 0.9690 0.192 
20 – 27.5 m2/ha 0.9850 0.612 
27.5 - 35 m2/ha 0.94992 0.0504 
35-42.5 m2/ha 0.9216 0.0938 

>42 m2/ha 0.97222 0.7018 
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Figure 2. Plot of the residuals of the square root basal area understory = square root basal 
area overstory under six size classes. a = <12.5 m2/ha; b =12.5 – 20 m2/ha; c= 20 – 27.5 
m2/ha; d =27.5 - 35 m2/ha; e=35-42.5 m2/ha; f=>42 m2/ha 

 
Figure 3. Plot of sbaunder*sbaover with linear regression lines 
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Table 1. Model by basal area class for predicting Ba/ha of the understory. 
Size Class β0

Pr > |t| β1
Pr > |t| R2 MSE 

<12.5 m2/ha -0.117 0.75 0.4851 0.0008 0.2351 0.389 
12.5 – 20 m2/ha 0.9242 0.5873 0.0789 0.8513 0.0007 0.6822 
20 – 27.5 m2/ha 3.2417 0.1268 -0.3974 0.3619 0.0130 0.4640 
27.5 - 35 m2/ha 2.1914 0.4560 -0.1622 0.7562 0.0023 0.4402 
35-42.5 m2/ha 2.96 0.91 -0.829 0.91 0.007 0.7322 

>42 m2/ha 3.2094 0.0279 -0.2533 0.1789 0.0771 0.500 
 
Notes: 
 

• Significant relationship (slope coefficient is not zero) < 12.5 m2/ha at the 0.05 
significance level. 

• The sign of the coefficient changes after 20 m2/ha indicating a possible change from 
overstory hindering understory to facilitating, though there is not enough evidence to 
significantly state this.  

• R2 values very low ~ 0.005 in size classes other then < 12.5 m2/ha 
 
Mixed model 
 
Y= µ + Bi + Tj + ekij where I = 1 … 16  
 
Where µ is the overall mean, Bi is the effect of the block (random effect), Tj is the effect of 
overstory stocking (fixed effect),  ekij is the error term. 
 
Variances within size classes are not equal, thus I will use the unequal variance ANOVA model 
(weighted least squares regression). This test consists of first running an unweighted ANOVA  
on the data among size classes, determine the variance of the residuals from each size class, 
compute the inverse of these variances, and then merge this value back into the dataset to be 
applied as a weight. 
 
Sources of variation: 
 
Block (Eblock) 
Sbaover 
Block*sbaover 
 
Table 2. Mixed-model analysis summary. 

Size class n Weight β0 Pr >|t| Xi Pr >|t| Eblock Eresidual
<12.5 m2/ha 44 5.48395 0.2779   0.4234 0.3254      0.0185 0 1.5178 
12.5 – 20 m2/ha 52 2.37321 1.6116   0.3245 -0.0913    0.8198 0.1756 1.2130 
20 – 27.5 m2/ha 66 3.31458 3.2293   0.0792 -0.4015    0.2869 0 1.0561 
27.5 - 35 m2/ha 45 4.38625 2.3483   0.3573 -0.1860    0.6822 4.74E-18 1.0524 
35-42.5 m2/ha 21 3.85453 0.9787   0.8771 0.03371    0.9735 0 1.0021 
>42 m2/ha 25 2.90604 3.0178   .0362 -0.229    0.2287 0.001967 1.1460 
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Model 2: Using SDI 
 
General Linear Model 
 
             Yij = β0 + β1Xi + eij 
 SDI understory =  β0 + β1*SDI overstory 
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Figure 4. Plot of initial raw data of overstory SDI predicting understory SDI 
 

• Data meets the assumption of normality but not the assumption of equal variance. 
• Square root transformation normalized the data and stabilized the variance.  

 

 
Figure 5. Plot of residuals for the model ssdiunder = ssdiover 
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    Analysis of Variance 
 
                                                             Sum of           Mean 
           Source                         DF        Squares         Square    F Value    Pr > F 
 
           Model                            1       90.56507       90.56507       5.57    0.0190 
           Error                          251     4080.55258      16.25718 
           Corrected Total         252     4171.11766 
 
 
                        Root MSE              4.03202    R-Square     0.0217 
                        Dependent Mean        7.57249    Adj R-Sq     0.0178 
                        Coeff Var            53.24564 
 
    Parameter Estimates 
 
                                           Parameter       Standard 
         Variable     Label        DF       Estimate          Error    t Value    Pr > |t| 
 
         Intercept    Intercept     1        5.37673        0.96422       5.58      <.0001 
         ssdiover     ssdiover      1        0.10240        0.04338       2.36      0.0190 
 
Notes: There is a significant relationship between the square root of the understory SDI 
(ssdiunder) and the square root of the overstory SDI (ssdiover)  (p=0.0190). Though, this model 
explains very little of the total variation in ssdiunder. 
                                         
Including the between block variation into the model gives the following result; 
        
     Analysis of Variance 
 
                                               Sum of           Mean 
           Source                   DF        Squares         Square    F Value    Pr > F 
 
           Model                     2      569.00954      284.50477      19.75    <.0001 
           Error                   250     3602.10811       14.40843 
           Corrected Total         252     4171.11766 
 
 
                        Root MSE              3.79584    R-Square     0.1364 
                        Dependent Mean        7.57249    Adj R-Sq     0.1295 
                        Coeff Var            50.12677 
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                                           Parameter Estimates 
 
                                                       Parameter       Standard 
         Variable     Label        DF       Estimate          Error    t Value    Pr > |t| 
 
         Intercept    Intercept     1        7.64135        0.98916       7.73      <.0001 
         ssdiover     ssdiover      1        0.11542        0.04091       2.82      0.0052 
         block          block          1       -0.29908        0.05190      -5.76      <.0001 
 
Notes: Both independent variables are highly significant at the 0.05 significance level. Increasing 
the SDI of the overstory has a positive effect on the understory. 

 
Partitioned among size classes of overstory SDI: 
 
 

 
Figure 6. Plot of the residuals of the square root SDI /ha understory = square root SDI/ha 
overstory under five classes. a = <300 SDI/ha; b =>300 and < 500 SDI/ha; c= > 500 and < 
700 SDI/ha; d =>700 and < 900 SDI/ha; e=> 900 SDI/ha 
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Figure 7. Plot of ssdiunder * ssdiover 
 
Table 2. Corresponding regression coefficients and statistics for Figure 6. 

Size Class β0
Pr > |t| β1

Pr > |t| R2 MSE 

<300 SDI/ha 0.959 0.6380 0.4164 0.0067 0.1356 11.69 
300 – 500 SDI/ha 7.646 0.1620 0.001 0.9969 0.00001 14.56 
500– 700 SDI/ha 16.465 0.1419 -0.3526 0.4450 0.0085 18.60 
700- 900 SDI/ha -36.71 0.1121 1.6069 0.0546 0.1578 18.21 

>900 SDI /ha 24.50 0.088 -0.504 0.2348 0.087 21.89 
 

Notes: Very low R2 values; only significant relationship < 300 SDI/ha. 
 
Mixed model 
 
Y= µ + Bi + Tj + ekij where I = 1 … 16  
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Where µ is the overall mean, Bi is the effect of the block (random effect), Tj is the effect of 
overstory stocking (fixed effect), ekij is the error term. 
 
Variances are unequal, thus a weighted least squares will be used. A weight will be used within 
size classes. 
 
Sources of variation: 
 
Block 
Ssdiover 
Block*ssdiover 
 
Table 4. Mixed-model summary statistics: 

Size class n Weight β0 Pr >|t| Xi Pr >|t| Eblock Eresidual
<300 SDI/ha 53 0.208 2.4328 0.1402 0.3181      0.0177 0 1.2706 
300 -500 SDI/ha 87 0.1119 5.9947      0.2331 0.08390    0.7350 3.7377 1.2227 
500 -700 SDI /ha 71 0.121 14.7496    0.1090 -0.2856    0.4508 0 1.2832 
700-900 SDI/ha 24 0.2027 -20.444    0.3151 1.0151      0.1669 7.0679 2.2302 
>900 SDI/ha 18 0.0851 20.616     0.1057 -0.3986    0.2817 8.7156 1.3050 
 
Notes: A large amount of the variation in higher stocked overstories is partitioned into block.  
 

Model 3: Using Trees per Hectare 
 
General Linear Model 
 
Yij = β0 + β1Xi + eij 
 TPH understory =  β0 + β1*TPH overstory 
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Figure 8. Initial plot of data with TPH of the overstory predicting TPH of the understory 
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*Notes: Data are count data and thus a Poisson distribution will better capture discrete data. 
 
 Poisson Regression  
 
Model:  
 
   Log (E(Y)) = a + bx + e 
 
Since TPH was not average, this data can be viewed as categorical, and thus a maximum 
likelihood approach under the Poisson distribution can be used to estimate parameters for the 
non-linear model. 
                                          

 
                               Criteria For Assessing Goodness Of Fit 
 
                    Criterion                      DF           Value        Value/DF 
 
                    Deviance                     243      88333.5555        363.5126 
                    Scaled Deviance          243      88333.5555        363.5126 
                    Pearson Chi-Square     243      93663.9211        385.4482 
                    Scaled Pearson X2      243      93663.9211        385.4482 
                    Log Likelihood      1146493.3199 
 
               Algorithm converged. 
 
                                  Analysis Of Parameter Estimates 
 
                                     Standard     Wald 95% Confidence       Chi- 
      Parameter    DF    Estimate       Error           Limits            Square    Pr > ChiSq 
 
      Intercept     1      5.9923      0.0049      5.9828      6.0019    1512818        <.0001 
      tphover       1      0.0011      0.0000      0.0011      0.0011    32580.2        <.0001 
      Scale         0      1.0000      0.0000      1.0000        1.0000 
 
Notes:  
 

• The goodness of fit using a Poisson distribution is not adequate (i.e. the Deviance/DF is 
high (not~1)). This suggests a high probability for overdispersion and thus the Poisson 
model is not adequate to describe understory trees per hectare. In other words, there is a 
greater amount of variability among understory trees per hectare then expected by the 
Poisson distribution.  

• Introducing a dispersion parameter (φ ) into the relationship with the variance and mean, 
where 

   Var(Yi)  =  φ µ 
   Criteria For Assessing Goodness Of Fit 
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                    Criterion                 DF           Value        Value/DF 
 
                    Deviance                 243      88333.5555        363.5126 
                    Scaled Deviance          243        229.1710          0.9431 
                    Pearson Chi-Square       243      93663.9211        385.4482 
                    Scaled Pearson X2        243        243.0000          1.0000 
                    Log Likelihood                     2974.4417 
 
               Algorithm converged. 
 
                                  Analysis Of Parameter Estimates 
 
                                     Standard     Wald 95% Confidence       Chi- 
      Parameter    DF    Estimate       Error           Limits            Square    Pr > ChiSq 
 
      Intercept     1      5.9923      0.0956      5.8049      6.1798    3924.83        <.0001 
      tphover       1      0.0011      0.0001      0.0009      0.0013      84.53        <.0001 
      Scale         0     19.6328      0.0000     19.6328     19.6328 
 
   The scale parameter was estimated by the square root of Pearson's Chi-Square/DOF. 
 
Notes: Standard errors are inflated due to dispersion parameter (φ = 19.066). A Negative 
Binomial distribution allows for modeling heterogeneity as the variance and its relationship with 
the mean has the following form: 
 
Var(Yi) = µ + kµ2 

 

where k, is an additional distribution parameter that accounts for overdispersion patterns. 
 
 
                               Criteria For Assessing Goodness Of Fit 
 
                    Criterion                      DF           Value        Value/DF 
 
                    Deviance                     243        264.3300          1.0878 
                    Scaled Deviance          243        264.3300          1.0878 
                    Pearson Chi-Square     243        240.1089          0.9881 
                    Scaled Pearson X2       243        240.1089          0.9881 
                    Log Likelihood                  1189827.3331 
 
 
               Algorithm converged. 
                                  Analysis Of Parameter Estimates 
 
                                     Standard     Wald 95% Confidence       Chi- 
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     Parameter     DF    Estimate       Error           Limits            Square    Pr > ChiSq 
 
     Intercept        1      5.8838      0.0961      5.6956      6.0721    3751.00        <.0001 
     tphover          1      0.0013      0.0001      0.0010      0.0016      74.54        <.0001 
     Dispersion     1      0.4865      0.0411      0.4060      0.5670 
 
The negative binomial dispersion parameter was estimated by maximum likelihood. 
 
Notes:  k = 0.4865, and the negative binominal distribution fits the data very well (the deviance 

is 264.33 with 243 degrees of freedom), as almost no overdispersion is seen (φ = 1.08). 
 
Model using nlmixed: 
 

proc nlmixed data =tree df = 243; 
 parms betao = 5 beta1 = 0.0013 logsig=0.8; 
 logmu = betao + beta1*tphover + u; 
 p = exp (-logmu) / (exp (logmu) +1); 
 model tphunder ~ negbin (1 ,p); 
 random  u ~ normal(0 , exp(2*logsig))subject =block ; 

run; 
     Parameter Estimates 
 
                      Standard 
    Parameter  Estimate     Error       DF     t Value  Pr > |t|   Alpha    Lower      Upper      Gradient 
 
    betao           2.9655     0.08664     243    34.23    <.0001    0.05    2.7948      3.1361      0.000255 
    beta1        0.000508    0.000119   243     4.25    <.0001    0.05     0.000273  0.000744  0.099248 
   logsig           -1.7542    0.3005       243    -5.84    <.0001    0.05   -2.3462     -1.1623     -0.00002 
 

Notes:  The relationship between TPH of the understory and TPH of the overstory is best 
explained by the negative binomial distribution 
 

• TPH of the overstory has a positive effect on the understory up to an overstory density of 
approximately 1100 tph, then understory density appears to decline (Figure 7). 
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Conclusions 
 
• The design structure of this experiment allows for a traditional one-way analysis of variance, 

where subplots become averaged and treatment units are the experimental units. By re-
defining the experimental unit as subplots the effect of the treatment (basal area retention) 
was modeled to account for the variation between blocks. 

• In this analysis, treatment units were categorized as random variables, as it is not pertinent to 
know the between block variation (even though this is what the experiment was set up to do 
using an ANOVA). In this analysis, subplots represented a random assignment of overstory 
basal areas and thus a fixed variable. The purpose of this re-defining of the experimental unit 
was to attempt to model the variation not explained by the independent variables and to form 
relationships that have not been inflated by averaging. 

• All independent variables were poor in explaining variation  in understory abundance. The 
use of single independent variables was not adequate to fit a proper curve 
(oversimplification). Inclusion of the other independent variables violated assumptions of 
linear regression analyses as they were not independent from each another. More information 
regarding covariates is needed to model the data (possibly including analysis of covariance).  

• SDI and Basal area had similar patterns in their relationships with understory stocking; a 
slight positive relationship at low overstory stocking levels, followed by a slight negative 
relationship at  high overstory stocking levels. The variation partitioned into size classes 
helped explain this phenomenon, though an adjustment of the definition of overstory (> 10 
cm DBH) and understory ( < 10 cm DBH) could dissolve this issue. 

• Trees per hectare of the overstory had a positive relationship with understory trees per 
hectare up to an overstory density of 1100 tph. The negative binomial distribution best 
explained the relationship with understory TPH and accounted for overdispersion by using 
another distribution parameter. 

• Although densities of understory are not strongly related to overstory densities, this result in 
not surprising in view of the fact that several factors in addition to overstory density also 
influence establishment and survival of regeneration.  Continuing study will examine growth 
of regeneration and understory microclimate in relation to overstory densities. 
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