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1 Introduction

The accurate modelling of tree mortality is a key component of modelling forest stand pro-

ductivity. Mortality can result from many factors and the cause and timing influence stand

dynamics and biomass accumulation. Modelling of individual tree mortality has received con-

siderable attention, beginning in the 1970s with the work of Hamilton (1974), who used the

logistic equations. The logistic equation has subsequently been applied to a variety of species

and forest stands (e.g., Monserud 1976, Monserud and Sterba 1999, Yao et al. 2001, Temesgen

and Mitchell 2005). Other approaches include the use of the Weibull (e.g., Somers et al. 1980

and Macfarlane et al. 2002), the Richard’s function (Buford and Hafley 1985) and parametric

and non parametric survival analysis (Wyckoff and Clark 2000). The widespread use of survival

analysis methods, successfully applied to medical research, has been hampered by lack of long

term data on individual trees (Flewelling and Monserud 2002). In British Columbia, however,

the Forest Productivity Committee initiated a field program in 1971 to examine the growth

response of costal Douglas-fir and western hemlock to thinning and fertilization. Individual

tree measurements and site information have been recorded regularly for the past four decades.

A large database of longitudinal measurements of tree growth and records of tree death has

accumulated as a result.

There are well-established methods for analyzing longitudinal measurements and time to

event data (survival data) separately, such as linear mixed effects models for longitudinal data

and Cox hazards model for survival data. Such analyses are aimed at examining the longitudinal

and survival processes in a separate manner. However, investigating the processes separately may

be inappropriate when the longitudinal measurements affect the survival outcomes. To account

for dependence in outcomes, joint modelling of longitudinal and survival processes have recently

become popular in the field of biostatistics. The key idea is to associate the longitudinal model to

survival through latent process. Given this linking latent process, the longitudinal and survival

processes are then assumed to be independent (see, for example, Wulfsohn and Tsiatis 1997,

Henderson et al. 2000, Diggle et al. 2008, Elashoff et al. 2008).

To our knowledge, a joint modelling approach has not previously been applied in forestry
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research. This article therefore considers applying the joint modelling methodology to the data

obtained from the field program to examine the effect of thinning on tree growth and mortality.

The crux of the idea is that individual (latent) propensities for tree growth may be useful

predictors for mortality. In section 2, we give a description of the data. Section 3 provides

detail on model specification and inference procedures. Section 4 contains results from a joint

longitudinal and survival analysis of the data. Discussions and concluding remarks are in section

5.

2 The data

Data used in this study were collected from permanent sample plots established at 54 locations

from 1971 to 1975 along the coast of Vancouver Island and adjacent mainland. The original study

investigated three levels of thinning and fertilization, replicated twice per location. Fertilizer

application can change the crown characteristics of individual trees by increasing foliar biomass

and size of the branch needed to subtend the increased mass; hence, for this study, we eliminated

fertilized plots to reduce the number of potentially confounding effects. In addition, we chose

only locations at which the plots had been stem mapped. Furthermore, a preliminary analysis

indicated that data from one of the locations (Nitinat River) seemed very different from the

others and we therefore excluded this location from the analysis.

Square plots were established in three sizes (0.05, 0.07 and 0.10 ha) depending on pre-

treatment density at each location in order to encompass approximately 60 live trees per plot

(Stone 1994). The plots comprised Douglas-fir, western hemlock and mixtures of Douglas-fir and

western hemlock, which had established naturally after fire and/or logging. There was a minor

component of western redcedar and other species in some plots. We confine the analysis here to

the three most abundant tree species: Douglas-fir, western hemlock and western redcedar.

Measurements of diameter at breast height (DBH) were undertaken every three years for the

first 12 years and at six to ten year intervals thereafter. Until 1990, these measurements were

taken on trees with DBH at least 5 cm, after which the minimum was lowered to 4 cm. For

all trees above the minimum DBH, the tree’s pathological condition was recorded. Height was
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subsampled on ten dominant or co-dominant trees in single species plots and ten trees of each

species in mixed Douglas-fir -western hemlock plots. Age at 30 cm above germination point was

sampled on five large trees per plot. Because establishment was after a fire or logging, plots were

usually even-aged, so that the assumption that trees within a plot were of similar ages is not

unreasonable. The ages of trees among plots and locations ranged from 15 to 81 years at time

of treatment. Table 1 gives a summary of the data used in this study.

A program of aerial photography and precise grid mapping of stems was developed to evaluate

tree height growth from a sequential record of specific crown and height measurements and

coordinates of all trees on study plots (Darling and Omule 1989). The collection of height data

from aerial photographs was discontinued after the second or third measurement period because

of inaccuracies associated with height measurement, and field measurement of height resumed.

Heights have been estimated from the subsampled data for all trees, using a modification of the

non-linear Møness function (J. Goudie, BC Ministry of Forests and Range, pers. comm.) and a

linear equation based on individual tree characteristics (height, relative height, and slenderness

ratio) and plot characteristics (plot basal area, site index, and a thinning dummy variable) was

developed to predict crown ratio for all trees. Coefficients were estimated separately for Douglas-

fir and for western hemlock, whereas all minor species were categorized as either shade tolerant

or shade intolerant; coefficients for western hemlock applied to the former category and the ones

for Douglas-fir to the latter.

The afore mentioned measured and predicted information on each tree was subsequently

passed to the Tree and Stand Simulator (TASS) (Mitchell 1975), a spatially explicit model of

tree growth, to predict crown attributes and to estimate percent of above canopy light (PACL)

using the tRAYci model of Brunner (1998).
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3 Statistical Methodology

Let Yij be the DBH for tree i at measurement j, where i = 1, 2, ..., n, j = 1, 2...,mi, n is the total

number of trees, mi is the total number of measurements for tree i and let tij be the age of tree i

at measurement j. Also, denote Yi = [Yi1, . . . ,Yimi ]
T representing the vector of values of DBH

measured for tree i. Further, let Ti be the survival time for tree i and let ∆i be an indicator

variable that takes a value of 1 if tree i dies during the observation period and 0 otherwise. Here,

actual values of lifetimes are not observed. Instead, we have information on an interval of time

during which the tree died. We approximate the lifetime by the midpoint of this interval.

The joint model is specified in terms of the following two submodels:

(a) The longitudinal tree growth curve model:

Yij = b1ij + b2ijtij + b3ijt
2
ij + εij , εij ∼ N(0, σ2

ε); (3.1)

the tree-specific coefficients b1ij , b2ij and b3ij are random variables modulating the tree-

specific growth curves. Their tree-to-tree variability can also be explained by covariate

effects. Hence we have
b1ij = X1ijα1 + U1i,

b2ij = X1ijα2 + U2i,

b3ij = X1ijα3 + U3i,

where X1ij is a vector of covariates, α = [αT
1 αT

2 αT
3 ]T is a vector of coefficients and

Ui = [U1i U2i U3i]T is the vector of tree-level random effects that models stochastic

heterogeneity in growth between trees not accounted by covariates. The vector Ui is

assumed to be N(~0,ΣU) and is independent of εij .

(b) The hazard function for mortality representing the instantaneous rate of death at time t:

λi(t) = λ0(t) exp{X2i(t)β + Vi + γ(U1i + U2it+ U3it
2)}. (3.2)

Here, survival times are modelled using a Cox proportional hazards model. This hazard
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function consists of a product of a nonparametric baseline hazard function λ0(t) and a

second component depending on: (i) covariates effects, (ii) a tree-specific frailty term Vi

and (iii) the random variables modulating the tree-specific growth propensities (Ui). The

baseline hazard typically refers to the hazard for a reference group. In this analysis, the

reference group refers to the tree species Douglas-fir under no thinning (the control group

for thinning). The possibly time-dependent covariates are included through the term X2i(t)

and β represents their effects. The frailty term represents tree-specific latent mortality

effects and is assumed to be N(0, σ2
V) and is independent of εij and Ui. The tree-specific

growth propensities Ui form the link between the longitudinal and survival models; if γ is

zero, the processes are independent. We expect γ to be negative indicating that trees with

higher growth propensity will have lower mortality.

3.1 Parameter estimation and inference procedure

Following Tsiatis and Wulfsohn (1997) and Henderson et al. (2000), the method of maximum

likelihood is used to estimate the unknown parameter set Ω = (α, γ,β,ΣU, σ
2
ε , σ

2
V, λ0(t)). For

this joint model, the likelihood function is difficult to maximize directly and so an EM algorithm

(Dempster et al. 1977) is used to estimate the parameter values. The EM algorithm is a fun-

damental tool for use when there are missing data. It is also helpful in the analysis of random

effects models, where these random effects (here the random growth propensities and mortality

frailty) may be considered as the missing data components. If they were known, estimation

would be far less difficult. In the terminology of EM, we refer to the complete data scenario as

the situation where the random effects are assumed to be known. The likelihood for the complete

data is:

Lc(Ω) =
n∏
i=1

f(Yi,Ti,∆i,Ui,Vi)

=
n∏
i=1

f(Yi|Ui)f(Ti,∆i|Ui,Vi)f(Ui)f(Vi)

(3.3)
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where

f(Yi|Ui) =
mi∏
j=1

(2πσ2
ε)
−1/2 exp


−
(

Yij − b1ij − b2ijtij − b3ijt2ij
)2

2σ2
ε

 ,

f(Ui) = (2π|ΣU|)−1/2 exp
{
−UT

i Σ−1
U Ui/2

}
,

f(Vi) = (2πσ2
V)−1/2 exp

{
−V2

i /2σ
2
V

}
and

f(Ti,∆i|Ui,Vi) =
[
λ0(Ti) exp{X2i(Ti)β + Vi + γ(U1i + U2iTi + U3iT2

i )}
]∆i ×

exp
[
−
∫ Ti

0
λ0(t) exp{X2i(t)β + Vi + γ(U1i + U2it+ U3it

2)}dt
]
.

The EM algorithm proceeds by iterating between an expectation step (E-step) and a max-

imization step (M-step). The E-step computes the expected value of the log-likelihood of the

complete data given the observed data and in the M-step, an updated parameter value is obtained

by maximizing the expected log-likelihood from the E-step. The E-step computes expectations

of those function of the random effects which are involved in the likelihood, conditional on the

observed response. Mathematical details are provided in the appendix (see also Tsiatis and

Wulfsohn 1997). Here is an outline of the algorithm:

(1) Obtain an initial value Ω(0) for the unknown parameter set Ω by fitting separate longitu-

dinal and survival models. On iteration r (r=1,2,....):

(2) E-step: Compute the expected value of the complete data log-likelihood based on Ω(r−1)

using Gauss-Hermite quadrature approximations.

(3) M-step: Obtain an updated parameter estimate, Ω(r), by maximizing the expected log-

likelihood. All estimates have closed form solution, except for γ and β. They are updated

using a one-step Newton-Raphson algorithm.

(4) Repeat steps 2 and 3 until the estimates converge or the change in likelihood becomes

small.

In order to make inference, standard errors of the parameter estimates are needed. Since

λ0(t) is a discrete probability measure of dimension in the order of n, it is therefore not feasible
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to simultaneously compute the standard error for λ̂0(t) and the other parameter estimates in

Ω̂. Hence, we only compute the standard error for Ω̂′ = (α̂, γ̂, β̂, Σ̂U, σ̂
2
ε , σ̂

2
V). Following Elashoff

et al. (2008), the standard error for Ω̂′ is estimated by inverting the empirical Fisher infor-

mation matrix of the profile likelihood. The profile likelihood is obtained by substituting λ0(t)

in the observed data likelihood with λ̂0(t) and the observed information matrix of Ω̂′ is then

approximated by
n∑
i=1

Si(Ω̂′)Si(Ω̂′)T (3.4)

where Si(Ω̂′) is the score of the profile likelihood for tree i. However, Hsieh et al. (2006) have

noted that standard error estimates based on the profile likelihood can be underestimated as

this method does not account for the fact that λ̂0(t) is estimated.

4 Results

The joint model specified in section 3 was used to analyze tree growth and mortality data from

the field program. The strategy used is an hierarchical model building process, in which the

model building begins with a simple null model that contains no covariates. With increased

complexity, the analysis proceeds to include covariates identified as significant. Such an analysis

can offer insight into the sources of heterogeneity in tree growth and mortality. Table 2 describes

the models that will be considered in the model building process. Model B differentiates between

species and the levels of thinning treatments in the field. Site index, a measure of site quality

at each location, was included. Models C1 and C2 build on Model B and contrast the use of

covariates. In C1, the covariate is PACL, which is estimated from field data using the tRAYci

model of Brunner (1998) within the TASS model; and in C2, the covariates, plot basal area and

basal area in larger trees, are calculated directly from field data. Plot basal area is considered

a measure of crowding and basal area in larger trees a measure of the rank of the individual

tree. The calculation of PACL requires knowledge of the size and proximity of neighbouring and

hence is a single estimator of both crowding and rank.

Table 3 displays the estimated standard deviations for the random effects from the different

models. For brevity, the estimated coefficients for the covariates are not displayed but covariate
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effects are illustrated in growth curve plots to be described later. In Model A, no covariates are

included. The resulting estimates of random effect standard deviations are all significant (not

shown), indicating the presence of substantial variability in growth and mortality between trees.

The random effect standard deviations dropped by 11 to 28% in Model B compared to Model A,

suggesting that species, thinning treatments, and site quality accounted for a substantial amount

of the variability in growth and mortality of individual trees.

In both models C1 and C2, the coefficients for the added covariates are all significant (not

shown); however, most of the longitudinal random effect standard deviations only change slightly

when compared to Model B, suggesting the added covariates do not play as substantial a role

in explaining tree growth variation as species, thinning and site index. On the other hand, the

standard deviation of the frailty term drops by a considerable amount, indicating an important

role for crowding and rank in explaining the variation in mortality. The Akaike’s information

criterion (AIC) for the models (Table 2) shows the lowest value for Model C2; a lower AIC

indicates a better-fit (Akaike 1974). Hence, Model C2 is the preferred model and the subsequent

discussion focuses on results from it.

The observed DBH are compared to the fitted values for a randomly selected subset of trees

(Fig. 1), and, in general, the longitudinal submodel gives a reasonable fit to the data. For some

trees, the observed DBH decreases over time due to measurement errors. Figure 2 shows boxplots

of predicted survival probabilities for each tree at its last measurement time stratified by tree

status. The survival submodel generally is able to predict a much higher survival probability for

trees that are observed to be alive than for trees that are observed to be dead.

Because the age at thinning differed among locations, we show the predicted DBH for

Douglas-fir, western hemlock and western redcedar of different initial ages after the applica-

tion of thinning treatments (Fig 3). Typically, small trees are removed so that the mean DBH

of trees in the heaviest thinning is substantially larger than in the controls or light removal

treatments.

In Table 4, the multiplicative effects on hazard (or the relative risk of mortality) associated

with different covariates are compared for the joint and a separate survival analysis, in which

tree mortality is modeled through the Cox proportional hazards model in (3.2) without the
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longitudinal random effects. In the separate analysis, the independence of the longitudinal and

survival processes is implied. In the joint analysis, the estimated exponential of the coefficient

on the longitudinal random effects is 0.790 with a 95% CI of (0.785, 0.796), which suggests a

significant link between tree size and mortality. Thinning treatments affect the risk of mortality;

the mortality risk for Douglas-fir decreases as level of thinning increase, but this is not so for

western hemlock and redcedar. The 95% confidence intervals for the relative risk of mortality

for western hemlock under 20% removal and 35% removal treatments overlap and for western

redcedar, the confidence intervals overlap for the control, 20% removal and 35% removal treat-

ments. This suggests that the hazard rates for these species do not differ among these thinning

treatments.

Figures 4 displays the estimated survival curves under the joint model for the three species

under different thinning treatments and with various site index values. The effect of site quality

appears to vary across species. In particular, site index is positively related to the hazard of

mortality for Douglas-fir and western redcedar, i.e., hazard is higher on high sites than on low

sites. On the other hand, western hemlock survival is higher on high sites than on sites of low

quality.

Figures 5 and 6 shows estimated survival curves for the three species under different thinning

treatments and for various values of plot basal area and basal area for larger trees. It is clear

that hazard for Douglas-fir and western hemlock is lower in plots with larger plot basal area.

On the other hand, survival of these species are higher when the basal area in larger trees is

small, i.e., hazard is lower when the rank of the individual tree is high. Note that, in Table 4,

the effects of both crowding and rank is significant on the hazard for Douglas-fir and western

hemlock but insignificant for western redcedar.

The conclusions draw from the joint and separate analyses are somewhat different. For

example, in the separate analysis, the hazard rate for western redcedar is only moderately lower

than Douglas-fir. In contrast, after accounting for the relationship between growth and mortality,

the hazard rate become substantially smaller. We note that it is preferable to perform the joint

analysis to account explicitly for dependence between the longitudinal and survival processes

and to avoid possible incorrect inference which arises from the separate analysis.
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Figure 7 displays the standardized residuals from the fitted longitudinal submodel. A normal

probability plot for the residuals is also displayed. It is clear that there are quite a few outlying

observations. In particular, 3808 (2.43%) and 941 (0.60%) residuals lie outside the ±2 and ±3

range respectively. Although the percentage of outlying residuals is reasonable under the normal

assumption (4.6% for ±2 and 0.27% for ±3), we note that there are residuals that are unusually

large. As a result, violation in normality assumption is evident in the normal probability plot,

particularly in the tail values. A closer examination of the data reveals that four of the outlying

residuals correspond to observations for which the DBH increment is bigger than 10 cm, which

may be the result of measurement error. There are also 45 outlying residuals with DBH increment

between 5 to 10 cm. To examine the influence of the outlying observations, we refitted the model

with observations corresponds to residuals outside ±3 removed. We found that our results were

insensitive to the removal of these observations.

5 Discussion

Mortality in a forest stand is believed to follow a U-shaped curve over time. Initial mortality

is high and slow growing trees are overtopped and die. This self-thinning phase is followed by

a period in which the risk of dying is low until the accumulation of pathogens, the build-up of

insect populations, or stochastic disturbance events increase the risk in susceptible populations.

The data from the field experiment cover a period of self-thinning and the transition to a period

of relatively low risk. The thinning treatments, which remove small, slowing growing trees,

accelerate the transition to this low risk period. However, the duration of the experiment and

the age of the trees at which measurement began preclude observation and modelling of the

increased risk of mortality in early part of the establishment phase and in the mature to old late

phase.

Of the many factors that influence tree mortality, the rate of growth has long been linked

to mortality from competitive interactions (Hamilton 1986, Kobe et al. 1995, Lin et al. 2001).

Within a stand, trees that grow slowly either from an intrinsic lack of vigour (genetic status) or

an unsuitable microsite (environmental factors) are considered at risk. Shade tolerant species
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such as western hemlock are considered more tolerant of low growth rates than light demanding

species like Douglas-fir. MacFarlane et al. (2002) explicitly linked the growth from a longitudinal

model to a survival model by incorporating growth estimates into the survival function. Our

approach was to model the longitudinal and survival data jointly through an explicit mechanism

of incorporation of (latent) growth trends in the hazard of mortality.

To improve the generality of the approach, we plan further investigation. In particular,

standard error estimates as developed here are approximate and a thorough evaluation of their

validity will be encompassed in a future study. Additionally, methods to account for interval

censored lifetimes and spatial correlations will be developed.

The changes to forest management in the past decades have required changes to forest stand

modelling. This approach was based on data from even-aged stands subject to treatments that

are currently out-of-date. There is a pressing need to extend this approach to the modeling of

mortality in multi-cohort, multi-aged stands that are part of modern forest practices.
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Variable Total
Trees 22812
Sample plots 257
Species:

Douglas-fir 11880
Western hemlock 9684
Western redcedar 1248

Number dead:
Douglas-fir 4285
Western hemlock 4488
Western redcedar 334

Table 1: Summary of the data used in this study.

Model Covariates included
A No covariates
B Species, Thinning, Site index
C1 Species, Thinning, Site index, PACL
C2 Species, Thinning, Site index, Plot basal area, Basal area in larger trees

Table 2: Covariates used in the model building process

Estimate
Model A Model B Model C1 Model C2

σ̂U11 6.533 5.62 5.56 5.60
σ̂U22 0.344 0.290 0.278 0.297
σ̂U33 0.0028 0.0025 0.0025 0.0023
σ̂V 2.323 1.608 1.364 1.100

Log likelihood -207286 -199885 -198928 -185484
AIC 414871 400181 398290 371426

Table 3: Estimated values of the random effect standard deviations and Akaike’s information
criterion (AIC) for the fitted models; σ̂Ukk represent the square root of the kth diagonal element
of Σ̂U.
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Figure 1: Fitted DBH (lines) and observed DBH (dots) for 16 randomly selected trees.

Figure 2: Estimated survival probability for each tree at its last measurement time sorted by
observed live or death status.
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Figure 3: Predicted DBH under Model C2 for Douglas-fir (top row), western hemlock (middle
row) and western redcedar (bottom row) with different thinning treatments. Values of the
continuous covariates are fixed at their mean value in the data (site index=32, BA=52 and
BAL=36).
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Exponential of estimated coefficient (95% CI)
Model C2 Separate survival analysis

Longitudinal random effects: 0.790 (0.785, 0.796) - -

Thinning treatment (relative to Douglas-fir with no thinning treatment)

Douglas-fir
No thinning 1 1
20% removal 0.45 (0.39, 0.52) 0.50 (0.46, 0.55)
35% removal 0.30 (0.26, 0.35) 0.38 (0.34, 0.42)
50% removal 0.10 (0.06, 0.15) 0.15 (0.11, 0.22)

Western hemlock
No thinning 1.01 (0.89, 1.42) 1.06 (0.93, 1.21)
20% removal 0.71 (0.60, 0.84) 0.89 (0.77, 1.03)
35% removal 0.74 (0.64, 0.87) 0.82 (0.71, 0.94)
50% removal 0.19 (0.14, 0.26) 0.36 (0.29, 0.46)

Western redcedar
No thinning 0.54 (0.21, 1.42) 0.02 (0.006, 0.06)
20% removal 0.16 (0.05, 0.48) 0.008 (0.0025, 0.028)
35% removal 0.27 (0.08, 0.78) 0.01 (0.003, 0.16)

Continuous covariate (increase by one unit relative to its mean in the data)

Site index:
Douglas-fir 1.078 (1.063, 1.093) 1.089 (1.080, 1.098)
Western hemlock 0.929 (0.913, 0.946) 1.009 (0.999, 1.018)
Western redcedar 1.112 (1.031, 1.200) 1.071 (1.029, 1.114)

Plot basal area:
Douglas-fir 0.939 (0.932, 0.946) 0.831 (0.824, 0.837)
Western hemlock 0.989 (0.981, 0.996) 0.876 (0.870, 0.882)
Western redcedar 1.024 (0.963, 1.088) 0.762 (0.706, 0.824)

Basal area for larger trees:
Douglas-fir 1.093 (1.087, 1.100) 1.211 (1.202, 1.219)
Western hemlock 1.050 (1.043, 1.057) 1.154 (1.147, 1.162)
Western redcedar 1.013 (0.954, 1.076) 1.341 (1.241, 1.450)

Table 4: The multiplicative effects on hazard associated with different covariates under two
different analyses: i) joint analysis using Model C2 and ii) separate survival analysis. The
baseline hazard function corresponds to the hazard for Douglas-fir under no thinning and with
continuous covariates equal to their mean value in the data (site index=32, plot basal area=52
and basal area for larger trees=36). Boldfaced values are significantly different from 1.
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Figure 4: Estimated survival curves from Model C2 for Douglas-fir (top row), western hemlock
(middle row) and western redcedar (bottom row) with different thinning treatments and values
of site index.
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Figure 5: Estimated survival curves from Model C2 for Douglas-fir (top row), western hemlock
(middle row) and western redcedar (bottom row) with different thinning treatments and values
of plot basal area.
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Figure 6: Estimated survival curves from Model C2 for Douglas-fir (top row), western hemlock
(middle row) and western redcedar (bottom row) with different thinning treatments and values
of basal area for larger trees.
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Figure 7: Standardized residuals (top) and normal probability plot of the standardized residuals
(bottom) from the fitted longitudinal submodel of Model C2 . The red lines are the ±3 lines.

19



6 References

Akaike, H. (1974). A new look at the statistical model identification. IEEE Transactions on

Automatic Control, 19, 716-723.

Brunner, A. (1998). A light model for spatially explicit forest stand models. For. Ecol.

Manage., 107, 19-46.

Buford, M.A., and Hafley, W.L. (1985). Probability distributions as models for mortality. For.

Sci., 31, 331-341.

Darling, L.M. and Omule, S.A.Y. (1989). Extensive studies of fertilizing and thinning coastal

Douglas-fir and western hemlock: an establishment report. FRDA Report 054, BCMF,

Res. Br., Victoria BC.

Dempster, A.P., Laird N.M. and Rubin D.B. (1977). Maximum likelihood from incomplete

data via the EM algorithm. Journal of the Royal Statistical Society, B39, 1-38.

Diggle, P.J., Sousa, I. and Chetwynd, A.G. (2008). Joint modelling of repeated measurements

and time-to-event outcomes: The fourth Armitage lecture. Statistics in Medicine, 27,

2981-2998.

Elashoff, R.M., Li, G. and Li, N. (2008). A joint model for longitudinal measurements and

survival data in the presence of multiple failure types. Biometrics, 64, 762-771.

Flewelling, J.W. and Monserud, R.A. (2002). Comparing methods for modelling tree mor-

tality. In. Crookston, N.L., Havis, R.N. (comps.). Second Forest Vegetation Simulator

Conference, 2002 Feb. 12-14: Fort Collins, CO. USDA For. Serv. Proc. RMRS-P-25.

Hamilton, D.A. (1974). Event probabilities estimated by regression. USDA For. Serv. Intermt.

Res. Stn. Res. pap. INT-152, 18p.

Hamilton, D.A. (1986). A logistic model of mortality in thinned and unthinned mixed conifer

stands of northern Idaho. For. Sci., 32, 989-1000.

20



Henderson, R., Diggle, P. and Dobson, A. (2000). Joint modelling of longitudinal measurements

and event time data. Biostatistics, 1, 465-480.

Hsieh, F., Tseng, Y. and Wang, J. (2006). Joint modeling of survival and longitudinal data:

likelihood approach revisited. Biometrics, 62, 1037-1043.

Kobe, R.K., Pacala, S.W., Silander, J.A., Jr. and Canham, C. (1995). Juvenile tree survivorship

as a component o shade tolerance. Ecol. Appl., 5, 517-532.

Lin, J., Harcombe, P.A., and Fulton, M.R. (2001). Characterizing shade tolerance by the

relationship between mortality and growth in tree saplings in a southeastern Texas forest.

Can. J. For. Res., 31, 345-349.

Mitchell, K.J. (1975). Dynamics and simulated yield of Douglas-fir. For. Sci. Monogr. 17, 39

pp.

Monserd, R.A. and Sterba, H. (1999). Modeling individual tree mortality for Austrian forest

species. For. Ecol. Manage., 113, 109-123.

Omule, S.A.Y., and Macdonald, R.N. (1991). Simultaneous curve fitting for repeated height-

diameter measurements. Can. J. for. Res., 21, 1418-1422.

Somers, GL., Oderwald, R.C., Harris, W.R., and Langdon, O.G. (1980). Predicting mortality

with a Weibull function. For. Sci., 26, 291-300.

Stone, J.N. (1994). Extensive studies of fertilizing and thinning coastal Douglas-fir and western

hemlock: an installation report. FRDA Report 227, BCMF, Res. Br., Victoria BC.

Temesgen, H. and Mitchell, S.J. (2005). An individual-tree mortality model for complex stands

of southeastern British Columbia. WJAF, 20, 101-109.

Wulfsohn M.S. and Tsiatis, A.A. (1997). A joint model for survival and longitudinal data

measured with error. Biometrics, 53, 330-339.

21



Wyckoff, P.H. and Clark, J.S. (2000). Predicting tree mortality from diameter growth: a

comparison of maximum likelihood and Baysian approaches. Can. J. For. Sci., 30, 156-

167.

Yao, X., Titus, S.J. and Maconald, S.E. (2001). Generalized logistic model of individual tree

mortality for aspen, white spruce, and lodgepole pine in Alberta mixedwood forests. Can.

J. For. Res., 31, 283-291.

22



A Appendix - Mathematical details on parameter estimation

We here provide the mathematical details on parameter estimation and inference. Ignoring

constants, the expected value of the complete data log-likelihood used in the EM algorithm is,

EU,V[lc(Ω)] =
n∑
i=1

mi∑
j=1

(
−0.5 log σ2

ε − E[Yij −Xijα− Z(tij)Ui]2/2σ2
ε

)
+

n∑
i=1

(∆i{log λ0(Ti) + X2i(Ti)β + E[γZ(Ti)Ui + Vi]}) +

n∑
i=1

(
−
∫ Ti

0
λ0(t)E[exp{X2i(t)β + γZ(t)Ui + Vi}]dt

)
+

n∑
i=1

(
−0.5 log |ΣU| − E[UT

i Σ−1
U Ui]/2

)
+

n∑
i=1

(
−0.5 log σ2

V − E[V2
i ]/2σ

2
V

)

(A.1)

where Xij = [X1ij X1ijtij X1ijt
2
ij ] and Z(t) = [1 t t2]. Taking derivatives of (A.1) with

respect to the parameters, setting to zero and solving yields

α(r) =

∑
i

∑
j

XT
ijXij

−1∑
i

∑
j

XT
ij {Yij − Z(tij)E[Ui]} ,

σ2(r)
ε =

∑
i

∑
j E[Yij −Xijα

(r) − Z(tij)Ui]2∑
imi

,

Σ(r)
U =

∑
i

E[UiUT
i ]/n,

σ
2(r)
V =

∑
i

E[V2
i ]/n

λ
(r)
0 (tk) =

∑
i ∆iI(Ti = tk)∑

i E[exp{X2i(tk)β(r−1) + γ(r−1)Z(tk)Ui + Vi}]I(Ti ≥ tk)

(A.2)

where tk is the distinct lifetimes in the data (k = 1, ..., nd) and I(A) is an indicator function

which equals to 1 if A is true and 0 otherwise. Note that λ(r)
0 (t) at non-event times is zero.

For β and γ, since there is no closed form solution, one needs to update them using a one step

Newton-Raphson algorithm. The first and second derivatives of the log-likelihood with respect
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to these parameters are:

∂lc
∂β

=
∑
i

[
∆iXT

2i(Ti)−
∑
k

XT
2i(tk)λ

(r)
0 (tk)E[Bk]I(Ti ≥ tk)

]
∂2lc

∂β2 = −
∑
i

∑
k

[
XT

2i(tk)X2i(tk)λ
(r)
0 (tk)E[Bk]I(Ti ≥ tk)

]
∂lc
∂γ

=
∑
i

[
∆iZ(Ti)E[Ui]−

∑
k

λ
(r)
0 (tk)E[Z(tk)UiBk]I(Ti ≥ tk)

]
∂2lc
∂γ2

= −
∑
i

∑
k

λ
(r)
0 (tk)E

[
(Z(tk)Ui)2Bk

]
I(Ti ≥ tk)

∂2lc
∂γ∂β

= −
∑
i

∑
k

X2i(tk)Tλ
(r)
0 (tk)E [Z(tk)UiBk] I(Ti ≥ tk)

(A.3)

where

Bk = exp{X2i(tk)β2 + γZ(tk)Ui + Vi}.

The updated estimate of γ and β is then obtained by:

 γ(r)

β(r)

 =

 γ(r−1)

β(r−1)

−
 ∂2lc

∂γ2
∂2lc
∂γ∂β

∂2lc
∂β∂γ

∂2lc
∂β2


−1  ∂lc

∂β

∂lc
∂γ

 ∣∣∣∣∣
γ(r−1),β(r−1)

Equations in (A.2) and (A.3) involve expected value of various functions of U and V. These

expected values are computed by conditioning on the observed data (Y,T,∆) and the current

parameter values Ω(r−1). The conditional density for (Ui,Vi) given (Y,T,∆,Ω(r−1)) is:

f(Ui,Vi|Ti,Yi,∆,Ω(r−1)) = f(Ui,Vi|Ti,Yi,∆i,Ω(r−1))

=
f(Ui,Vi,Ti,∆i|Yi,Ω(r−1))

f(Ti,∆i|Yi,Ω(r−1))

=
f(Ti,∆i|Ui,Vi,Ω(r−1))f(Ui,Vi|Yi,Ω(r−1))∫∞

−∞ f(Ti,∆i|Ui,Vi,Ω(r−1))f(Ui,Vi|Yi,Ω(r−1))dUidVi

where

f(Ui,Vi|Yi,Ω(r−1)) = f(Ui|Yi,Ω(r−1))f(Vi|Ω(r−1))

24



and

f(Ui|Yi,Ω(r−1)) = (2π|Wi|)−1/2 exp
{
−(Ui − Ũi)TW−1

i (Ui − Ũi)/2
}
,

with Wi and Ũi are similarly defined as in the conditional density used on page 334 of Wulfsohn

and Tsiatis (1997). Using the conditional density of Ui, one can then compute E[g(Ui,Vi)|

Y,T,∆,Ω(r−1)], which is equal to

∫∞
−∞ g(Ui,Vi)f(Ti,∆i|Ui,Vi,Ω(r−1))f(Ui,Vi|Yi,Ω(r−1))dUidVi∫∞

−∞ f(Ti,∆i|Ui,Vi,Ω(r−1))f(Ui,Vi|Yi,Ω(r−1))dUidVi
(A.4)

Since (A.4) is difficult to evaluate analytically, Gauss-Hermite quadrature approximation is used.

To check for convergence at each EM iteration, the log-likelihood of the observed data is

computed. The observed data likelihood contribution from tree i is:

Li(Ω) = f(Yi,Ti,∆i) = f(Yi)f(Ti,∆i|Yi)

= f(Yi)
∫
f(Ti,∆i,Ui,Vi|Yi)dUidVi

= f(Yi)
∫
f(Ti,∆i|Ui,Vi)f(Ui,Vi|Yi)dUidVi.

The distribution of Yi is the usual multivariate normal distribution and the value of the integral

is the same as the denominator in (A.4).

The score of the profile likelihood is used to calculate the standard error of the parameter

estimates and it is

Si(Ω̂′) =
∂

∂Ω′
EU,V[log f(Yi,Ti,Ui,Vi,∆i)]

∣∣∣∣∣
Ω̂′

.
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