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 Abstract 
 
         
White spruce height growth data from three ecosite phases in the Alberta Boreal Mixedwood 
ecological area were fitted by logistic and Chapman-Richards models using the generalized 
nonlinear least squares algorithm. Both models characterized well white spruce height growth 
pattern in three ecosite phases; likelihood ratio tests rejected the hypothesis that a combined 
model adequately representing white spruce height growth in all three ecosite phases.  Initially 
white spruce grows faster in the aspen dominating BMd1 ecosite phase than in the white spruce 
predominant BMd3 and the wet and nutrient rich BMf3 ecosite phases. The asymptotic height is 
shorter in the BMf1 than in the BMd3 and the BMf3 due possibly to a suppression effect of the 
overtopping aspen in the BMd1 ecosite phase. Incorporating a power variance function of height 
stabilized heterogeneity in residuals errosof the height model; nevertheless, residuals from 
weighted models remained large. An alternative mixed-effects modeling paradigm is suggested 
to reduce variability in white spruce height growth within ecosite phases and increase the 
prediction precision. 
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Introduction 
 
  
 Height growth estimate of dominant and codominant trees is an important issue in forest 
management; it is used as an indicator of land productivity (i.e., site index). Foresters use site 
index in inventory forecast and in allowable cut calculations. So height growth estimation has a 
tremendous impact on forest sustainability and on ecosystem management. 
 

Concepts of forest management have steadily evolved through last century. Over the last 
decade or more the most common shift in thinking and planning has been toward an “ecosystem-
based” management approach. Thinking, planning and action in the context of ecosystems is 
essential for today’s forest management and sustainability issues. Nowadays, all public land 
management agencies, private or industry land owners have adopted some form of ecosystem 
management. 
 
 For this reason, the Alberta forestland has been segregated into 20 natural regions 
according to climate, geographic, and ecological features. Ecologically based height growth and 
site index curves for major trees species were developed for these natural regions (Huang et al. 
1994). Because there are a large number of regions or subregions, a question is naturally raised: 
Should a general model be developed for all or several regions combined or should separate 
models be developed for individual regions? The same question is similarly applicable to 
ecological areas, ecosites, and ecosite phases in the site classification hierarchy. The answer is it 
all depends on height growth patterns in the management or classification units. 
   
 Variation in height growth patterns has been observed among different stands of the same 
site index for a number of tree species (Carmean 1956, 1972; Zahner 1962; Newberry and 
Pienaar 1978; Hoyer and Chawes 1980). Monserud (1984) identified three different shape groups 
of height curves corresponding to three habitat types of Douglas-fir (Pseudotsuga menziesii 
[Mirb.] Franco), and used the groups as dummy variables in height and site index methods to 
improve the prediction precision of height and site index. For white spruce (Picea glauca 
(Moench) Voss) in western Canada, Heger (1971) reported no difference in site index curves 
between different parent materials and different drainage classes in Alberta mixedwoods. Wang 
et al. (1994) examined height growth patterns of 82 white spruce stands from the sub-boreal 
spruce (SBS) zone of British Columbia using the ratio of height at 60 and 30 years of breast 
height age (Z ratios) as a quantitative measure and found no significant differences in the Z ratio 
among strata formed according to biogeoclimatic units, site, and plant associations. However, 
pattern-specific height curves, developed for each of six groups classified according to the Z 
ratio, resulted in a significant improvement in prediction precision over conventional height 
curves.  

 
In all above-mentioned studies, the basic approach was to stratify data according to some 

classification schemes, fit curves to data within each stratum, and compare the curve shapes via 
graphic, numeric or statistical methods. Statistical procedures for assessing adequacy of a 
regression equation for describing pooled data from all groups compared with separate 
regressions for nested individual subgroups are well known in linear models (Draper and Smith, 
1981). The procedures involve using dummy variables representing individual subgroups and 



successive fitting a full model for all nested groups and reduced models for combined groups. An 
assessment of the extra sum of squares due to a reduced model against the full model can 
statistically determine the adequacy of the reduced model.  
 

The approach of fitting full and reduced models for hierarchically nested groups to assess 
the adequacy of a general linear model can similarly be used in nonlinear regression; however, 
the extra sum of squares analysis based on ordinary least squares is only approximate, because 
the calculated mean square ratio will not have an exact F distribution (Bates and Watts, 1988). 
The lack of an appropriate hypothesis test algorithm for nonlinear models using ordinary least 
squares with respect to grouped data prompted researchers to look for alternative indicators for 
data stratification and grouping. For example, Wang et al. (1994) used an auxiliary Z ratio in 
examining height growth patterns of white spruce in relation to site quality in British Columbia. 
Wang and Huang (2000) also used the Z ratio for grouping stem analysis data in modeling height 
growth patterns of white spruce in natural subregions in Alberta, Canada. The Z ratio is derived 
based on tree heights at two breast height ages; data of identified sources are grouped based on 
the similarity of the ratios. Despite that the ratio provides an indicator of variation in identifiable 
data sources for grouping and segregating, the choice of Z ratios is somewhat subjective. The 
fact that Z ratios were based on tree heights at a breast height age of 60 and 30 years in one study 
and 70 and 30 years in the other seems to indicate the subjectivity of the ratio indicator.  
 
 The advent of statistical computing has made hypothesis tests, similar to those of linear 
models, available for nonlinear regression models. Using a generalized nonlinear least squares 
(GNLS) algorithm for estimating parameters, performances of nonlinear growth models can be 
evaluated by the log likelihood ratio (LRT). The objectives of this study were i) to characterize 
white spruce height growth patterns in three ecosite phases within the Boreal Mixedwood 
ecological area using nonlinear growth functions; ii) to test the adequacy of a general nonlinear 
model for white spruce height growth in three ecosite phases or a full model with a separate set 
of coefficients for height growth for individual ecosite phases; iii) to assess the effects of 
heterogeneity on height growth models; and iv) to explore the nonlinear mixed-effects modeling 
paradigm and its use in multilevel predictions: from regional to site specific.  
 
 Ecological areas, ecosites, and ecosite phases 
 
 In Alberta, Canada, the ecosystem classification organizes ecosites, ecosite phases, and 
plant community types in a hierarchical structure nested within ecological areas that were 
derived from Alberta’s geographically based natural region and subregion classification system 
(Alberta Environmental Protection 1994). The Boreal Forest Natural Regions in Alberta is 
divided into six subregions – Central Mixedwood, Dry Mixedwood, Wetland Mixedwood, 
Subarctic, Peace River Lowlands, and the Boreal Highlands. The natural subregions are grouped 
and referred to as ecological areas due to similarities in ecosite types. The Boreal mixed wood 
(BM) ecological area encompasses Central, Dry, Wetland Mixedwood, and Peace River 
Lowlands natural subregions (Buckingham and Archibald 1996).  
 
 Ecosites are ecological units that develop under similar environmental influences 
(climate, moisture, and nutrient regime). They are groups of one or more ecosite phases that 
occur within the same portion of the edatope (moisture/nutrient grid). An ecosite phase is a 



subdivision of the ecosite based on the dominant species in the canopy. On lowland sites where a 
tree canopy may or may not be present, the tallest structural vegetation layer with greater than 
5% cover determines the ecosite phase. Differences in ecosite phases of the same ecosite, 
although largely determined by the dominant species in the canopy, may be expressed as 
differences in lower-strata plant species abundance and pedogenic processes.  Accessed phases, 
however, have a distinct range in canopy composition and lower stratum floristics. The 
composition of a tree canopy and its environmental conditions influence structure, diversity, 
composition, and abundance of understory vegetation. The tree canopy and canopy dependent 
factors such as understory species, abundance and composition and litter pH, interact to dictate 
the type and quantity of organic matter, its rate of decomposition, and a site’s nutrient 
availability. The point is that the ecosite phase level of the classification system, while being 
defined by canopy composition or structure, has a strong ecological basis. It also correlates well 
with forest cover on forest inventory maps to facilitate ecosystem mapping. 
 
 White spruce stands examined in this study occurred on two ecosites: Boreal mixedwood 
low-bush cranberry (Viburnum edule R.) ecosite (BMd, mesic/medium) and horsetail (Equisetum  
spp.) ecosite (BMf, hygric/rich). The BMd ecosites generally have moderately fine to fine-
textual till or glaciolacustrine parent materials. On these ecosites, pioneer deciduous tree species 
such as aspen (Populus tremuloides), balsam poplar (Populus balsamifera L.), and white birch 
(Betula papyrifera M.) are replaced successionally by white spruce and balsam fir (Abies 
balsamea M.) as these sites develop. Along with a change in canopy composition is a change in 
understory structure and understory species composition and abundance. As a stand 
successionally matures, the coniferous canopy cover increases, and understory species structure 
and diversity declines. This results in stands with a low cover of shrub, forb, and grass species 
and high moss cover.  
 
 The low-bush cranberry Aw ecosite phase (BMd1) is characterized by aspen dominating 
the canopy, with prickly rose (Rosa acicularis L.), low-bush cranberry, Canada buffalo-berry 
(Shepherdia canadensis Nutt.), and twin-flower (Linnaea borealis L.) abundant in the shrub 
layer;  marsh reed grass (Calamagrostis canadensis [Brid.] Kop.) and hairy wild rye (Elymus 
innovatus Beal.) are common grasses; white spruce exists as a minor component in the canopy. 
In contrast, white spruce dominates the tree canopy in the low-bush cranberry Sw ecosite phase 
(BMd3) with twin-flower, low-bush cranberry, balsam fir, and  prickly rose commonly 
occurring, and stair-step moss (Hylocomium splendens B.S.G.) and Schreber’s moss (Pleurozium 
schreberi M.) replace grasses on the ground cover.  
 
 The horsetail ecosite (BMf) is wet and nutrient rich. These sites are commonly found on 
fluvial or glaciolacustrine parent materials where flooding or seepage enhances the substrate 
nutrient supply. With high water tables, wet soil conditions, and Gleysolic soils, organic matter 
tends to accumulate. Succession stages on these sites are controlled by high soil water content.  
White spruce forms the canopy in the last successional stage (Beckingham and Archibald 1996). 
Once the trees are removed, the water table may rise and makes tree establishment difficult. In 
the horsetail Sw ecosite phase (BMf3), white spruce is the predominant species in the canopy 
with common occurrence of twin-flower, prickly rose, low-bush cranberry in the shrub layers 
and predominant stair-step moss, Schreber’s moss, and knight’s plume moss (Ptilium crista-
castrensis De Not.) occurring as ground cover.  



 Materials and Site Description   
 
 Stem analysis data used in the study were obtained from a previous study to assess 
relationships between forest growth, plant community distribution and environmental factors 
(Corns 1978). A total of 137 0.04-ha plots located in the Wapiti map area (National Topographic 
Series 83L) in west-central Alberta were sampled between 1972 and 1974. Sampled plots were 
chosen to encompass a wide variety of vegetation, soil, landform types, within uniform, even-
aged and normally stocked stands ranged from 45 to 200 years old.  Field sampling included 
soils and vegetation. Soil samples examined soil profiles as well as soil parent materials, internal 
drainage, prevalent slope gradient, and aspect. Vegetational assessment included diameter and 
height tally of trees over 1.3 cm diameter at breast height and understory shrub and herb species 
by size and per cent cover. In addition, five healthy dominant and codominant trees were 
selected and felled for stem analysis. Total height was measured, and disk sections at 0.3, 1.5, 
1.8 and 3.7 m intervals thereafter were taken. In the laboratory, age and diameter inside bark 
were determined for each section. No tree age adjustment was made for aspen to account for a 
0.3 stump height.  Tree heights were subsequently extrapolated at 5-year intervals. 
 
 White spruce tree data in the BM ecological area were extracted from the database for 
this study to assess dominant height development in various ecosite phases. A total of 101 white 
spruce trees from 19 stands (plots) were available for this analysis. Ecosite and ecosite phase for 
each plot were identified according to the Beckingham and Archibald (1996) field guide. For 
these white spruce stem analysis data, three ecosite phases were identified: i) low-bush cranberry 
Aw (BMd1), ii) low-bush-cranberry Sw (BMd3), and iii) horsetail Sw (BMf3). Table 1 
summarizes statistics of sectioned sample tree ages and heights by three ecosite phases. One half 
of the sample trees were from the BMd3 ecosite phase while the rest were distributed evenly 
between the BMd1 and BMf3 phases. Average tree age was considerably older in the BMf3 than 
in two low-bush cranberry ecosite phases. Average tree height was taller in BMf3 than in BMd1, 
probably reflecting the age structure in the sampled trees.  
 

Elevation of these white spruce stem analysis plots ranged from 655 to 884 m above the 
sea level; there was no difference in elevation among the three ecosite phase plots based on the 
standard deviations of elevation for each ecosite phase (Table 1).  Most plots were situated on 
level, flat lowland (BMd1), or flat, undulating, and rolling slopes (BMd3) to flat and undulating 
for BMf3. Table 2 shows the distribution of plots and sample trees by ecosite phases and 
geophysical features (internal drainage, aspect, and parent materials) of sites where sample trees 
were grown. Soil parent materials were mainly lacustro-till of glacio-lacustrine origin (Lac-till) 
and aluvium. Internal drainage ranged from moderately well to poor for BMd3 while BMd1 and 
BMf3 occurred mainly on imperfectly- or poorly-drained sites (Table 2). Most plots were on 
northerly or northwesterly slopes or on level flat land.  
 
 
 
 
 
 
 



Table 1.  Summarized stem analysis tree age, height, plot elevation and slope by ecosite phase 
 
 

Stem data Ecosite No. of No. of Mean Maximum Minimum Standard
descriptor phase plots trees deviation

BMd1 4 25 84.12 129 41 29.28
Age (Yrs) BMd3 10 52 98.12 148 67 31.85

BMf3 5 24 135.83 180 83 32.10

BMd1 4 25 18.6 28.86 10.06 5.33
Height (m) BMd3 10 52 22.7 31.85 12.77 4.02

BMf3 5 24 24.1 20.48 15.82 3.61

BMd1 4 25 727.7 838.2 655.3 80.04
Elevation (m) BMd3 10 52 797.1 883.9 670.6 70.04

BMf3 5 24 783.3 853.4 685.8 66.95

BMd1 4 25 1.0 2 0 0.82
Slope(%) BMd3 10 52 5.9 15 0 5.90

BMf3 5 24 2.9 5 0 2.46  
 
 
 

Total age instead of breast height age measurement was used in this study because one of 
the objectives of this study was to investigate white spruce height growth in young trees at 
various ecosite phases. The use of breast height age effectively removes the height-age 
relationship before breast height and assumes white spruce height development is identical in all 
ecosite phases, an assumption that requires further investigation and confirmation. 
 
 

Models and Methods 
 
Height growth models 
 
 Forest tree height growth can be represented by an S-shaped or sigmoid pattern that 
features a slow or fast height growth at juvenile age, an accelerated growth at young to mature 
ages, and approaching a plateau height after the mature age.  Thus a height growth curve can be 
characterized by an asymptote representing the maximum height on a growing site, an inflection 
point when growth rate being the greatest, or a mid-height indicating the age when reaching one-
half of the asymptote height, and by an indicator of growth shape or scale. 
 

Many models are available for modeling height growth (Seber and Wild 1989, 
Ratkowsky 1990); only two models, namely, logistic (Eq. [1]) and Chapman-Richards (Eq. [2]) 
are examined here for white spruce height growth in the three BM ecosite phases: 
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Table 2. Plot parent material, drainage, and aspect by ecosite phases. 
 
Site Classification BMd1 BMd3 BMf3
descriptor No. plot No. tree No. plot No. tree No. plot No. tree

Alluvium(Av) 1 6 3 16 0 0
Parent AvSa 0 0 1 6 1 5
material Sandstone(Br) 0 0 0 0 1 6

Cn Tillb 0 0 1 4 1 3
Lacustro-till 4 19 5 26 2 10

MW 0 0 3 15 0 0
MW-I 0 0 3 14 0 0

Drainage Imperfect 4 25 2 11 1 5
I-Poor 0 0 1 6 0 0
Poor 0 0 1 6 4 19

Level 1 6 2 12 1 6
NE 0 0 2 11 0 0

Aspect W 0 0 2 9 1 3
NW 0 0 2 9 2 10
N 3 19 2 11 1

a  Alluvium sand;  b continental till.
5

  
 
 

 
The logistic function was chosen because of the ready biological interpretations of its 

three parameters: " is the maximum asymptotic height, ( the age at "/2, and 6 the scale 
characterizing the sigmoid curve. In the actual estimation, " = Asym, ( = xmid, and 6 = scale. 
The Chapman-Richards equation was chosen because of its flexibility and popularity in height 
and site index modeling in forestry literature. The parameter " in Eq. [2] is the asymptote for 
height; however, it is the worst-behaved parameter, especially when there are few data points 
near the asymptote (Ratkowsky 1990). A modified Chapman-Richards (McRoberts1996) which 
scaled the asymptote height at age 50 in the form of Eq. [3] was consequently used: 
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 White spruce height growth data from three ecosite phases were first combined and fitted 
to Eqs. [1] and [3]; the combined models assumed that all height growth patterns were similar in 
all ecosite phases examined. The data were subsequently fitted to a full model with a set of 
coefficients for each ecosite phase in the forms as follows,  
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for the logistic model; and     
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for the Chapman-Richards model. 
 

In Eqs [4] and [5], Z1 , Z2 , and Z3 are indicator variables with values 0 or representing 
ach ecosite phase; the parameters "1 ..."3 ,61 ... 63,  g1,…,g3 and $11 ,..., $33 are coefficients to 

e estimated from the data.  

eighted nonlinear modeling 

Homogeneity in variances is one of the basic assumptions for statistical inference; 
owever, variances in tree height growth are often found to be dependent on estimated means; 
hus larger means usually have larger variances. When heterogeneity of the variance is evident, 
rdinary least squares estimation of parameters may be inefficient relative to methods that take 
eterogeneity into account (Davidian and Giltinan 1995). Heteroscedasticity in an estimated 
odel can also inflate the standard error of the estimates of the parameters. Using weighted 

stimation can sometimes eliminate this problem. If the proper weighting scheme is difficult to 
etermine, generalized methods of moments (GMM) estimation can be used to determine 
arameter estimates that are asymptotically more efficient than the OLS parameter estimates 
SAS Institute Inc. 1999).  Heteroscedasticity in height growth is particularly conspicuous in the 
tem analysis data when individual trees were grouped by plot, ecosite phase, and ecological 
rea. A generalized nonlinear least squares algorithm with weight was used to account for the 
eterogeneity in residual errors.  The generalized nonlinear least squares, or GNLS, estimates are 
btained by minimizing the criterion function 
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here y denotes the observed independent vector, x($) the nonlinear function, S the variance-
ovariance matrix for error terms that are heteroscedastic and correlated, and T the transpose. 
etailed description of the GNLS algorithm can be found in statistical literature (Davidson and 
acKinnon 1993; Pinheiro and Bates 2000).  

Analyses were carried out using R (Ihaka and Gentleman 1996), a freeware package of 
anguage and environment for statistical computing and graphics, compatible in style and 
unctionality to the commercial software S-Plus (Insightful Corp. 2001). White spruce height 
rowth data were firstly fitted to the combined pooled data for the ecological area and then fitted 
eparately for ecosite phases to each model; model performances and adequacy were tested by 
he log likelihood ratio test (LRT). Nonlinear least squares (nls) and generalized nonlinear least 
quares (gnls) functions in the nlme library (Pinheiro and Bates 2000) were used for height 
rowth modeling. Graphics were produced using R and associated Lattice and Grid packages. 

   
ypothesis tests 

In contrast to a limited hypothesis test capability of nonlinear regression modeling using 
LS, the generalized nonlinear least squares using either maximum likelihood (ML) or restricted 
aximum likelihood (REML) algorithm provides a host of statistics for hypothesis tests of 

lternative models (Pinheiro and Bates 2000). The performance of a model can be evaluated 
sing either Akaike Information Criterion (AIC) (Sakamoto et al. 1986) or the Bayesian 
nformation Criterion (BIC) (Schwarz 1978). The AIC and BIC are defined as 

 AIC = -2 logLik + 2npar, and 
 
  BIC = -2 logLik + npar log(N)      [7] 

here npar denotes the parameters in the model and N the total number of observations used to 
fit the model and logLik is the log likelihood of the model. Under these definitions, “small is 
better”. That is, if two or more models for the same data, the model with the smallest AIC or BIC 
is the preferable model.   
 
 If models to be evaluated are nested, the likelihood ratio test can be used. The LRT 
statistic is defined as         
 
  LRT = 2 [logLik0 - logLik1]      [8] 
 

( ( )) ( ( ))y x y x− −β βΩ



where logLik0 and logLik1 are log likelihood for nested model 0 and 1 with estimated parameters 
(degrees of freedom) k0 and k1, respectively. The asymptotic distribution of LRT is a P2 
distribution with k0 - k1 degree of freedom. If LRT > P2(k0 - k1, ") then the null hypothesis is 
rejected with the " probability level (Lehmann 1986; Pinheiro and Bates 2000).  
 
 R2 is defined for normalized equations as  
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y where SSE denotes the sum of squared errors;  SSA is the sum of the squares of the actual ys 

and  y is the actual means (SAS Institute Inc. 1999).  

      
Results 

The white spruce height growth data were fitted to Eqs. [1] and [3] separately for 
ndividual phase and all data combined to examine adequacy of a combined model. Estimated 
oefficients for height data fitted to models are shown in Table 3, and the likelihood ratio tests 
or the combined model and individual ecosite phase full model are shown in Table 4. For both 
ogistic and Chapman-Richards models, the combined height growth model for all three ecosite 
hases was inferior to the full model with separate coefficients for individual ecosite phases as 
emonstrated by the large likelihood ratio and the small probability (p-value). 

For the logistic model, the estimated asymptotic heights were 20.09, 23.12, 22.74 m, 
espectively, for white spruce grown in the BMd1, BMd3, and BMf3 ecosite phase; the 
symptotic height in the BMd1 differed from those in the BMd3 and the BMf3 as the 95% 
onfidence intervals were not overlapping (Figure 1).  It took 43, 53, and 64 years, respectively, 
or white spruce to reach one-half of its asymptotic height in BMd1, BMd3, and BMf3 ecosite 
hases; the growth curve shapes were similar for white spruce in BMd1 and BMd3 ecosite 
hases as indicated by the estimated scale parameters, but the shape of white spruce grown in 
Mf3 differed significantly from those in BMd1 and BMd3. 

For the Chapman-Richards model, the estimated asymptotic heights at age 50 were 12.29, 
1.23, and 8.71 m, respectively, for white spruce grown on BMd1, BMd3, and BMf3 ecosite 
hases. These 3 estimates differed from each other as their 95% confidence intervals were not 
verlapping (Table 3). The estimated $2 0.4074 for the BMf3 ecosite phase was larger than those  



 
Table 3. Estimated parameter coefficients for logistic and Chapman-Richards combined as well 
as full models. 
 

Estimated
Model Parameter Value Std.Error t-value p-value

Asym 21.812 0.176826 123.3531 <0.0001
xmid 51.9842 0.500987 103.7635 <0.0001
Scal 17.3371 0.392603 44.15928 <0.0001

Residual 2.960 m R2 = 0.861 2142 d.f.

Asym.BMd1 20.0949 0.3764 53.3864 <.0001
Asym.BMd3 23.1177 0.2632 87.8330 <.0001
Asym.BMf3 22.7373 0.3121 72.8577 <.0001

xmid.BMd1 43.2084 1.0188 42.4094 <.0001
xmid.BMd3 52.6447 0.6146 85.6628 <.0001
xmid.BMf3 64.2108 1.0865 59.0995 <.0001

scal.BMd1 15.438 0.8045 19.1907 <.0001
scal.BMd3 16.1619 0.4597 35.1571 <.0001
scal.BMf3 23.1329 0.8599 26.9019 <.0001

Residual 2.685 m R2 = 0.886 2136 d.f.

B1 10.88875 0.09358 116.3538 <0.0001
B2 0.25512 0.01394 18.2965 <0.0001
B3 2.70986 0.12998 20.8487 <0.0001

Residual 2.878 m R2 = 0.869 2142 d.f.

B1.BMd1 12.29029 0.19936 61.6499 <.0001
B1.BMd3 11.22679 0.12061 93.0820 <.0001
B1.BMf3 8.71286 0.15804 55.1307 <.0001

B2.BMd1 0.24153 0.03538 6.8266 <.0001
B2.BMd3 0.23366 0.01779 13.1312 <.0001
B2.BMf3 0.40739 0.02982 13.6637 <.0001

B3.BMd1 2.25381 0.23304 9.6714 <.0001
B3.BMd3 3.17209 0.20438 15.5206 <.0001
B3.BMf3 2.13227 0.16254 13.1187 <.0001

Residual 2.587 m R2 = 0.894 2136 d.f
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combined and full models estimates (0.2414 and 0,2337) for the BMd1 and BMd3 ecosite 
phases. In contrast, the estimated $3 3.1721 for the BMd3 ecosite phase was larger than those 
estimates for white spruce in the BMd1 and BMf3 ecosite phases.  
 
 Assessing the performances of the logistic and Chapman-Richards functions fitted to the 
stem analysis data reveals that Chapman-Richards fitted better than the logistic model. Estimated 
residual standard errors were 2.587 and 2.685 m, and R2 were 0.894 and 0.886, respectively for  



Figure 1.  95% confidence intervals for estimated logistic and Chapman-Richards model. 
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the Chapman-Richards and the logistic model (Table 4).  Additionally, the fitted Chapman-
Richards model had a smaller log likelihood (absolute value), and a smaller AIC and BIC 
statistics than the fitted logistic model. All statistics suggest the Chapman-Richards model 
represents white spruce height growth patterns in three ecosite phases better than the logistic 
model. In this model evaluation, both full logistic and Chapman-Richards models are not nested 
with each other; the magnitudes of AIC and BIC statistics, in addition to the estimate error and 
R2, are used to assess model performances. 
 

Comparing the model performance between the logistic and the Chapman-Richards 
models, all fitted statistics suggested that the white spruce height growth data fitted to the 
Chapman-Richards model better than to the logistic model. The height data fitted to the full 
logistic model with separate parameters for each ecosite phase (Model No. 2 in Table 4) had a 
log likelihood of  -5157.73 and 10335 and 10392, respectively, for AIC and BIC, while 
corresponding statistics for the Chapman-Richards model were -5077.91, 10176, and 10233, 
respectively. For the log likelihood, AIC, and BIC the smaller in absolute value represent the 
better fit. Additionally, the Chapman-Richards model had a smaller standard error (2.587 m) 
compared to the logistic model (2.685 m).  Because the logistic model was inferior to the 
Chapman-Richards model, it was dropped from further model development. 
 
 
 
 
 



 
Table 4.  Hypothesis tests of combined and full logistic and Chapman-Richards models and 
weighted, mixed-effects Chapman-Richards models. 
 

Model Model Model d.f. AIC BIC LogLik Test LRatio P-value
type ID Model

Logistic Fixed- 1 4 10747.9 10770.6 -5369.9
Combined effect

Logistic:Full Fixed- 2 10 10335.5 10392.2 -5157.7 1 vs 2 424.46 < 0.0001
effect

Chapman-R.: Fixed- 3 4 10626.6 10635.3 -5309.3
Combined effect

Chapman-R.: Fixed- 4 10 10175.8 10232.5 -5077.9 3 vs 4 462.80 <0.0001
Full effect

Chapman-R.: Fixed- 5 11 8599.35 8661.73 -4288.6 4 vs 5 1578.47 <0.0001
Full, Wt. effect

Chapman-R.: Mixed- 6 17 4947.07 5043.47 -2456.3 5 vs 6 299.39 <0.0001
Full, Wt. effect  
 
  
 
 To examine the effect of heterogeneous variances on the height growth model, the full 
Chapman-Richards model was refitted with a power function of the actual height as the weight. 
The power function substantially improved the log likelihood from -5078 without weighting to -
4289 with a likelihood ratio of 1578. The small p-value (< 0.0001) suggested the Chapman-
Richards model with the power function was a better model representing white spruce growth on 
three ecosite phases.  
 
 The estimated coefficients and their 95% confidence intervals are shown in Table 5 along 
with estimated variance power of 0.7315. All 3 parameters, $1, $2 and $3, differed among the 
three ecosite phases. The estimated error was also substantially reduced. 
 
 
 
 
 
 
 



Table 5. Estimated parameters and 95% confidence intervals for the Chapman-Richard height 
model weighted by a power function of height. 
 

Parameter Estimated Upper Lower
limit limit

B1.BMd1 11.868571 11.868571 11.868571
B1.BMd3 10.06648 10.06648 10.06648
B1.BMf3 7.492247 7.492247 7.492247

B2.BMd1 0.163482 0.163482 0.163482
B2.BMd3 0.312212 0.312212 0.312212
B2.BMf3 0.425545 0.425545 0.425545

B3.BMd1 3.109055 3.109055 3.109055
B3.BMd3 2.733949 2.733949 2.733949
B3.BMf3 2.316413 2.316413 2.316413

Weight 0.7315 0.7562 0.7068
Residuals std error 0.4300 0.4550 0.4063  

 
 
 
 

Discussion 
 
Adequacy of an ecosite phase height growth model 
 
 White spruce height growth pattern differs in all three ecosite phases examined in the 
Alberta Boreal Mixedwood ecological area. Both logistic and Chapman-Richards models suggest 
a combined model for the BM ecological area is inadequate for representing height growth 
patterns in individual ecosite phases. Table 3 shows that the full model resulted in a smaller 
residual error and a higher R2 value than the corresponding combined model in both logistic and 
Chapman-Richards equations. The small probability (p < 0.0001) in the LRT rejected the null 
hypothesis and accepted the alternative that the full model is a preferred model for representing 
the white spruce height growth in three ecosite phases (Table 4). In Alberta, current height 
growth and site index curves (Huang et al. 1994) are developed based on natural subregions 
where encompassing a large contiguous geographic area with diversified ecosites and ecosite 
phases. In view of white spruce height growth pattern varied in ecosite phases, height growth and 
site index curves should be refined to reflect the differential height development in ecosite 
phases. 
 



 The GNLS method uses maximum likelihood to fit nonlinear regression models and 
provides log likelihood statistics for model fitting. The LRT statistics from two nested models is 
an asymptotically P2 distributed with the degrees of freedom equal to the difference in number of 
parameters between two models.  The statistic can thus be used for the hypothesis test on 
equality of two nested models similar to the f statistics in the linear regression paradigm and 
facilitates hypothesis test functionality for nonlinear regression modeling in evaluating a full or 
reduced, combined model for data of identifiable sources of variation. The LRT removes the 
subjectivity on using a height growth pattern indicator such as Z ratios (Wang et al. 1994; Wang 
and Huang 2000) and evaluates the model adequacy solely based on log likelihood of fitted 
models.  
     
 Estimated model coefficients (not shown here) by ordinary nonlinear least squares were 
almost identical to those by the generalized nonlinear least squares; however, the GNLS provides 
additional statistics on log likelihood, AIC, and BIC for evaluating performances of various 
models in cases they are not nested. The statistics AIC and BIC are measures of the distance 
between the current model and the “true” unknown model for a given data set (Burnham and 
Anderson 1998). Given a data set and fitted to various models using the generalized least squares 
or maximum likelihood methods, the model with the smallest AIC or BIC is the one closest to 
the “true” model and therefore the preferred model. In the case of log likelihood (logLik) 
statistics, a model with the larger log likelihood is the better fit and preferred model. All these 
fitted model statistics facilitate the evaluation of various model performances for nested as well 
as unnested.  
 
 The R2 has been widely used in forest literature as an indicator of how a model compares 
to a simple average (R2 = 0) and with the perfect fit (R2 = 1). For unrestricted linear models with 
an intercept successfully estimated by OLS, R2 is always between 0 and 1. However, nonlinear 
models do not necessarily encompass the dependent mean as a special case and can produce 
negative R2 statistics (SAS Institute Inc. 1999). An R2 close to one does not mean that it is the 
best possible model, or that it will provide good prediction (Vanclay 1994). Additionally, the R2 
does not discriminate between “pure error” or natural variation and lack of fit by the model. 
Furthermore, the R2 coefficient takes no account of the number of terms in the model. In 
contrast, both AIC and BIC as shown in Eq. [6] take into account the number of parameters used 
in the model in addition to the log likelihood.  
 
 Despite its flexibility in inference and hypothesis tests, fitting nonlinear regression 
models using the generalized least squares or the maximum likelihood has not been as widely 
used as the OLS. The sporadic application of the GNLS algorithm is probably due to the lack of 
a general availability of the estimation software in statistical computing in contrast to the wide 
availability of the OLS method in most commercial statistics software packages. Nonlinear 
regression modeling using the GNLS is available in commercial software S-Plus (Insightful 
Corp. 2001) and its counterpart freeware R (Ihaka and Gentleman 1996). The Proc Model in 
SAS (SAS Institute Inc. 1999) with an option of either the full information maximum likelihood 
(FIML) or the generalized method of moments (GMM) algorithm produces the maximum 



likelihood estimates for nonlinear models. 
 
 
Characterizing white spruce height growth patterns in BM ecosite phases 
 
 In spite that the logistic function is not as flexible as that of the Chapman-Richards 
function in representing the white spruce height development in ecosite phases, the three 
parameters in the logistic function are of direct biological significance and thus can be used to 
characterize and interpret white spruce height growth patterns in the BM ecosite phases. The 
estimated coefficients for the full logistic model show the asymptotic height of white spruce 
growing in BMd3 (23.1 m) and BMf3 (22.7 m) ecosite phases are taller than that in the BMd1 
(20.1 m); there was no difference in asymptotic height for white spruce grown in BMd3 and 
BMf3 ecosite phases. However, it takes 64 years for white spruce in BMf3 to reach one-half of 
the asymptotic height compared to 53 years for white spruce in BMd3 and 43 years in BMd1 as 
suggested by the mid-asymptotic height (xmid) parameters. White spruce grows faster in height 
in BMd1 than in BMd3 and BMf3 with an average annual height growth rate of 0.23, 0.22, and 
0.17 m, respectively, before it reaches the asymptotic height (Table 3).  The slow height growth 
in the BMf3 ecosite phase is also confirmed by the large estimated scale parameter compared to 
those in BMd1 and BMd3 (23.1 vs. 15.4 and 16.2). Figure 2 illustrates changes in the height 
growth pattern with increasing the scale parameter from 10 to 20 while holding constant for both 
the asymptotic height and the age reaching one-half of the height. The larger the scale parameter 
the flatter and slower the tree height grows.  The estimated scale parameters are consistent with 
the height growth rates derived from the xmid parameters.  
 
 
Figure 2. Effects of changing scale parameter of logistic function on height growth. 
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 Interpretations of estimated parameters for the Chapman-Richards model are not as 
straightforward as for the logistic function. The parameter $1 estimates the height at 50 years of 
age by the fact that at age 50, the ratio inside the brackets of Eq. [3] evaluated to 1 and 
consequently ht = $1 irrespective of the value of $3. Because of this property, $1 is often defined 
as the site index at the base age 50 years. Table 3 shows that the estimated $1 parameters are 
12.3, 11.2, and 8.7 m, respectively, for BMd1, BMd3, BMf3; apparently, white spruce height at 
50 years of age differs among three ecosite phases. These estimates are consistent with estimates 
from the logistic model that suggest white spruce grows fast in the BMd1 and slow in the BMf3 
ecosite phase.  
 
 In contrast to those in logistic models, parameters $2 and $3 in the Chapman-Richards 
model (Eq. [3]) do not explicitly link to biological interpretations. Both parameters interact and 
define vertically and horizontally the shape and scale of the growth curve. Figure 3 demonstrates 
that, for a given $1, the asymptotic height increases with increasing both $2 and $3; however, the 
values of $2 have more pronounced effects than $3 on height growth after the index age (age 50) 
while they have little effect before the index age (Figure 3a). On the contrary, the $3 parameter is 
more sensitive than $2 to the height growth before the index age (Figure 3b).  All three 
parameters of the Chapman-Richards model combine interactively to define the shape and 
vertical scale of the height curve; it may be misleading to interpret height growth patterns based 
on a single parameter alone. 
 
 
Figure 3. Effects of b2 and b3 in the Chapman-Richards height model: a) varying b2 while b1 and 
b3 are held constant; b) varying b3 while b1 and b2 held constant.  
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 Figure 1shows that the estimated $1 parameters differ among three ecosite phases in the 
BM ecological area investigated. The BMd1 has the largest estimated $1 among three ecosite 
phases; for BMf3, the reverse is true. Because white spruce height growth patterns can be 
characterized by those parameters, the difference in growth curve coefficients among ecosite 
phases implies different height growth patterns among the ecosite phases examined.  
 
 An examination of fitted mean curves reveals that both logistic and Chapman-Richards 
models predict practically similar heights for a large portion of age range (Figure 4). However, 
compared to the Chapman-Richards model, the logistic model underestimated white spruce 
height at old age but overestimated height at ages less than 25 years. The underestimation of 
height in old ages is apparent in all three ecosite phases examined, but is particularly 
conspicuous in BMd1 and BMd3 (Figure 4a, 4b). The underestimation at old age and 
overestimation at young age are due to the property of the logical function: sigmoid growth 
curves defined by the function are symmetric at about the half of the asymptotic height (Seber 
and Wild 1989). In contrast, the Chapman-Richards model, without restriction on shape, is more 
flexible than the logistic function. 
 
 
Weighted Nonlinear regression modeling 
 
 One of the key assumptions of regression is that the variance of the errors is constant 
across observations. Standard estimation methods are inefficient when the errors are 
heteroscedastic or have no constant variance. Nonlinear regression models have been extensively 
used in growth and yield studies for describing age vs. height, diameter, basal area, and volume 
relationships. Heteroscedasticity is a common phenomenon in all these response variables; 
however, the use of weighted nonlinear regression to stabilize variances has been sporadic in 
forest research   (e.g., Zumrawi and  Hann 1989; Hann and Larsen 1991; Huang and Titus 1994). 
The heteroscedastic issue has gained momentum with the emergence of mixed-effects modeling 
in recent years  (Davidian and Giltinan 1995; Pinheiro and Bates 2000; Fang and Bailey 2000; 
Fang et al. 2001; Hall and Bailey 2001).   
 
 Variance in white spruce height growth increases with age and is apparent for all three 
ecosite phases examined (Figure 4); the scatter plots of predicted white spruce heights vs. 
residuals from the fitted unweighted Chapman-Richards models for three ecosite phases 
conspicuously display the typical fan-shaped heterogeneous variance in predicted height as 
exemplified in Figure 5a for the BMd3 ecosite phase. A variance function of 0.7315 on height 
substantially improved the log likelihood from -5078 to -4289 and significantly better 
represented the white spruce height growth in the BM ecological area compared with the 
unweighted model based on the large LRT value of 1578 (p < 0.0001) (Table 4). The variances 
in predicted heights in three ecosite phases are stabilized after the weighted power function as no 
visible patterns are detectable in the scatter plots of residuals vs. predicted heights in all three 
ecosite phases (Figure 5b). Compared to the unweighted models, there is no change in height 
growth patterns after the weighted variance function; however, the predicted heights are 



consistently shorter for weighted models than the counterpart unweighted for BMd1 and BMf3 
for all ages. For white spruce in BMd3 ecosite phases, the predicted heights by the weighted 
model are slightly shorter than those by unweighted model in young age, but the trend is 
reversed in old age (Figure 6).   
 
 
Figure 4. Comparison of fitted logistic and Chapman-Richards height growth models in a) 
BMd1, b) BMd3, and c) BMf3 ecosite phases. 
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The 95% confidence intervals for estimated $1, $2 and $3 show these parameters 

characterizing white spruce height growth in the three ecosite phases differ from each other 
(Table 5). It can be concluded that white spruce grows differently in height patterns in all three 
ecosite phases in the Boreal Mixedwood ecological area and requires different site index curves 
to represent its height development. The current height growth curves and site index used in 
Alberta were based on natural subregions (Huang et al. 1994) which may be too broad; a 
refinement based on ecosite or ecosite phase may be needed to represent the differential height 
growth pattern. 
 
 
Figure 5. Scatterplots of residuals vs. fitted heights for white spruce height data in the BMd3 
ecosite phase fitted to a.) unweigheed, and b.) weighted Chapman-Richards models. 
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 White spruce in the BMd1 initially grows faster in height than in the BMd3 and BMf3 
ecosite phases. The BMd1 ecosite phase is characterized by aspen dominating the canopy while 
white spruce existing as a minor component of the canopy (Beckingham and Archibald 1996). 
The initial fast and then flat height growth in the BMd1 may be explained by the fact that the 
dominating aspen initially serves as a nurse species that helps white spruce height growth; 
however, the white spruce height growth in BMd1 is restricted in the later years by the 



overtopping aspen and becomes flat. In the same low-bush cranberry ecosite with white spruce 
as a major component and aspen a minor one, white spruce height growth in the BMd3 is 
initially slower than that in BMd1, but white spruce height growth is unrestricted by aspen and 
eventually develops a full height growth of about 25 m at the mature stage. In the white spruce 
predominant wet and nutrient rich horsetail ecosite (BMf3), competition of shrub species and 
high water table (Beckingham and Archibald 1996) initially restrict white spruce height growth 
and result in the slowest height growth among these three ecosite phases at the age of 50 years in 
the Boreal Mixedwood ecological area (Figure 6). However, at the mature stage, white spruce in 
the BMf3 ecosite phase eventually grows taller than in the BMd1. 
 
 
Figure 6.  Comparison of white spruce height in three Boreal Mixedwood ecosite phases by 
weighted and unweighted Chapman-Richards models. 
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Figure 7(Æ). Observed height data and predicted by weighted Chapman-Richards model in BMf3 
ecosite phase.  
 
 
Site-specific height growth models 



 
  The height-age and/or related site index curves have evolved from guide-curve 
anamorphic through polymorphic and reference-age invariant to site specific, with an increase in 
complexity and decrease in the size of area in which a model is applicable (Wang et al. 1994). 
The localized growth models which reflecting site-specific tree and stand development are 
essential to forest practitioners for accurate prediction of silvicultural effects on intensively 
managed forest landscape.  
 
 Figure 4 suggests that large variability in white spruce height growth exists even within 
ecosite phases.  The weighted nonlinear models stabilized the heteroscedasticity (Figure 5b), but 
did not improve the precision of prediction; some residuals from predicted mean heights were 
over 6 m as shown in Figure 7 for the BMf3 ecosite phase.  Additionally, the predicted heights of 
the weighted Chapman-Richards model appear biased (underestimated) for white spruce over 
100 years of age as exemplified in the BMf3 (Figure 7). Alternative approaches to address the 
variability in height growth within an ecosite phase are needed. 
 
 Nonlinear mixed-effects models, which incorporate fixed effects estimated from the 
traditional nonlinear model as well as random-effects that model deviations from individual 
group means to the fixed effects have recently received a great deal of attention in the statistical 
literature (Pinheiro and Bates 2000; Tasissa and Burkhart 1998; Fang and Bailey 2000; Fang et 
al. 2001; Hall and Bailey 2001).  A detailed discussion of the mixed-effects modeling techniques 
is beyond the scope of this paper; however, Figure 8 illustrates the height growth data in BMf3 
fitted to a mixed-effects Chapman-Richards model. The model predicts an average mean height  
(ecosite phase) based on fixed effects for white spruce in BMf3 and heights for individual stands 
(plot) based on combined estimated fixed and random effects. Among five sampled white spruce 
stands in the BMf3 ecosite phase, only two of the stands (57 and 121) had average heights that 
concurred with the mean height predicted from the fixed effects (nonlinear model). The predicted 
mean height overestimated white spruce height in stands 49 and 101 while underestimating that 
in stand 20. The mixed-effects modeling paradigm offers site-specified modeling by 
incorporating plot random effects and results in a substantially higher prediction precision than 
the traditional fixed effects modeling using nonlinear least squares. Correct identification of a 
height growth or site index curve series to stands in the field has been problematic. The problem 
can be improved in a mixed-effects model, in addition to comparing model predictions and field 
observations, by identifying the similarities in biophysical conditions of the sample unit (plot or 
stand in the current example) where the curves were derived and the biophysical conditions of 
the stand in the field where the model is to apply. By identifying and selecting an appropriate 
growth or site index series representing a specified management unit, foresters can precisely 
forecast production in management units.  
 
 
 Conclusion 
  
 Nonlinear regression models have been extensively used in forest growth and yield 



studies where model parameters are generally estimated by nonlinear least squares methods 
which provide limited statistics for inference and hypothesis tests. In contrast, the generalized 
nonlinear least squares using maximum likelihood offers log likelihood, AIC, and BIC in 
additional to R2 and standard error of estimates for testing and evaluating nested and unnested 
models. 
  
 White spruce height growth in three ecosite phases of the Alberta Boreal Mixedwood 
ecological area can be characterized by the logistic and Chapman-Richards models; both models 
suggest that white spruce height growth patterns differ in three ecosite phases with a fast initial 
height growth for white spruce in aspen dominating BMd1 and a slow growth in the nutrient rich 
but high water table white spruce predominant BMf3 ecosite phase. Among three ecosite phases, 
white spruce in the BMd1 ecosite phase has the shortest asymptotic height (20 m), due possibly 
to a suppression effect of the overtopping aspen, while heights reach approximately 26 and 23 m, 
respectively, in BMd3 and BMf3 at maturity.  
 
 Despite that the weighted variance function significantly stabilized the heteroscedasticity 
in the fitted Chapman-Richards height model, large deviations of predicted and observed heights 
for white spruce within the ecosite phase suggest that mixed-effects modeling techniques 
incorporating both fixed and random effects in a nonlinear model may be appropriate for 
modeling height growth and developing site index curves for linking ecounits to forest 
management. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



 
Figure 8. Mean white spruce height growth for the BMf3 ecosite phase (dotted lines) and 
individual plots (solid lines). The dotted lines represent height estimated by fixed-effects and the 
solid lines estimated by the mixed-effects model taking account of the plot random effect.   
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