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Abstract 1 

In this study, diameter increment models for unthinned, thinned, and fertilized mixed-2 

species stands located on Vancouver Island were developed using a model based on 3 

metabolic processes.   For this purpose, the Box and Lucas model was fitted for the three 4 

main species, Douglas-fir (Pseudotsuga menziesii var. menziesii (Mirb.) Franco), western 5 

hemlock (Tsuga heterophylla (Raf.) Sarg.), and western redcedar (Thuja plicata Donn) 6 

for the diameter growth series by tree, and then a parameter prediction approach was used 7 

to modify the parameters for size and competition variables.    A time-since-treatment 8 

variable was used to modify growth following fertilization.  Reasonably, accurate results 9 

were obtained for the three species, with best results for hemlock.    10 

 11 

 12 
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Introduction 1 

The successional processes of the forests located on Vancouver Island are defined by 2 

small-scale disturbances mainly brought on through windthrow (Gavin et al. 2003).  Gap 3 

dynamics define the forest structure of the area.  Douglas-fir (Pseudotsuga menziesii var. 4 

menziesii (Mirb.) Franco) is the dominating, pioneer species with western hemlock 5 

(Tsuga heterophylla (Raf.) Sarg.) and western redcedar (Thuja plicata Donn) being the 6 

late-successional species aggregated within gaps (Getzin et al. 2006).  To mimic the 7 

natural disturbance regimes and maintain the structural complexity and biodiversity of 8 

these mixed-species stands, variable retention harvesting has become increasingly 9 

widespread on Vancouver Island.  Variable retention harvesting is designed to retain 10 

individual or groups of trees over an area in order to maintain ecosystem structure and 11 

function, provide structural features for regenerating stands, and sustain connectivity 12 

within a landscape (Sullivan et al. 2001).  This type of harvesting system produces large 13 

differences in treatment applications and often thinning intensity, time of thinning, and 14 

the number of thins vary greatly from stand to stand.  In addition to thinning, fertilization 15 

is a common silvicultural practice within this area.   Stands of Douglas-fir in coastal 16 

British Columbia have shown a responsive to nitrogen fertilization (Weetman et al. 1997) 17 

and poorer sites in cutover areas of old-growth forests on Vancouver Island consisting of 18 

western hemlock and western redcedar have been identified as being nutrient poor in 19 

nitrogen and phosphorus (Weetman et al. 1989).  One major need within forest 20 

management planning is the development of diameter growth models which can predict 21 

stand development under varying treatment methods (Palahi et al. 2003).   22 

 23 
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Different model forms for diameter increment models exist and are generally categorized 1 

as either a growth potential independent model, where increment is expressed directly as 2 

a function of physical tree characteristics and site conditions, or a growth potential 3 

dependent model, where the potential growth is defined and then modified (Huang and 4 

Titus 1995). Regardless of the model form, the model and its components should be 5 

logically consistent and biologically realistic (Vanclay and Skovsgaard 1997). To model 6 

diameter increment and capture the variation due to different treatment applications 7 

found on Vancouver Island, a flexible individual-tree distance-independent diameter 8 

increment model is required.   9 

 10 

The objective of the study was to develop a diameter increment model for variable 11 

retention harvested and fertilized mixed-species stands located on Vancouver Island.  Our 12 

hypotheses were: 1) a biological diameter increment model would outperform a common 13 

mathematical diameter increment model; 2) plots which were fertilized would experience 14 

an initial increase in diameter increment growth during the first few years following 15 

application only; 3) modifying the parameter estimates for inter-tree competition 16 

variables such as basal area of larger trees and stand basal are, would reflect the initial 17 

increase in diameter increment growth during the first few years following thinning; 4) 18 

the increase in diameter increment growth due to the combination of thinning and 19 

fertilization can be represented additively; and 5) consecutive treatments do not produce 20 

an additive effect in diameter increment growth.   21 

22 
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 1 

Materials and Methods 2 

 3 

1.1. Study Area 4 

The study area was located on Vancouver Island within the Coastal Western Hemlock   5 

(CWH) Biogeoclimatic Ecological Classification (BEC) zone of British Columbia.  This  6 

BEC zone is divided into multiple subzones: a very dry maritime subzone in the east, a 7 

moist maritime subzone in the central area, and a very wet maritime and hypermaritime 8 

subzone in the west (Brown and Hebda 2002).  The temperatures in the CWH BEC zone 9 

range from 5.2 to 10.5˚ C, with a mean annual temperature of 8˚ C (Meidinger and Pojar 10 

1991).  Study plots were located within latitudes ranging 48.37 to 53.53˚N and longitudes 11 

ranging 132.59 to 122.35˚W.  This area is comprised of second growth uneven- and even-12 

aged multi-species stands regenerated naturally and from plantings.  The common species 13 

include: western hemlock, Douglas-fir, western redcedar, red alder (Alnus rubra Bong.), 14 

Sitka spruce (Pinus sitchensis), and yellow cedar (Chamaecyparis nootkatensis (D.Don) 15 

Spach).   16 

1.2. Data 17 

Permanent Sample Plot (PSP) data were provided by Island Timberland, Ltd. The 18 

database contained 2 206 plots, ranging in size from 0.008 to 0.806 ha.  Measurements 19 

spanned the years 1932 to 2003, with measurement intervals varying from 1 to 17 years 20 

for an average of 4.6 years.  Densities at plot establishment ranged from 12.5 to 11 750 21 

live trees per hectare, site index ranged from 6.2 to 50.0m, and basal area per hectare 22 
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ranged from 0.09 to 185.0 m
3
/ha (Table 1).  At each measurement and for each tree 1 

within the plot boundaries, species, tree status (i.e., live or dead), and diameter outside 2 

bark at breast height (1.3 m above ground, dbh) was recorded.   Height (ht, m) was 3 

measured for a subset of trees, and remaining heights were estimated using height-4 

diameter functions. At the time of plot establishment, the average diameters were 12.9, 5 

13.4, and 11.9cm (Table 2); western hemlock, Douglas-fir and western redcedar, 6 

respectively, with corresponding maximum values of 241.0, 149.9, and 217.1cm.  The 7 

average heights for western hemlock, Douglas-fir and western redcedar corresponded to 8 

12.8, 12.7, and 10.6m.   9 

 10 

Plot treatments included untreated, fertilization, single thinning, multiple thinnings, and a 11 

combination of fertilization and thinning with 1 665 plots receiving no treatment, 145 12 

plots received fertilization, 283 plots received at least one thinning, and 113 plots which 13 

received multiple treatments.  The majority of fertilized plots received one application of 14 

nitrogen ranging in concentration from 50 to 400 kg/ha; a few plots additionally received 15 

ammonium phosphate. The majority of thinned plots, 235, were thinned only once, 31 16 

plots received two thinnings, and 17 plots received three thinnings.  Basal area cut varied 17 

from 0.03 to 82.49, for an average of 10.1m
3
/ha removing an average of 1,061 trees per 18 

hectare.  Plots which received multiple treatments received a combination of thinning and 19 

fertilization treatments.   20 

1.3. Model Development 21 

Tree growth can be represented as the difference in anabolic gain, where molecules are 22 

constructed and catabolic loss, where molecules are broken down to their smaller 23 
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components for use as energy (Pienaar and Turnbull 1973).  The base model form 1 

representing this metabolic relationship was presented by Box and Lucas (1959): 2 

[1]     dbhexpdbhexpkD 12

21

1

incq 



  3 

Where Dinc is the diameter increment for the q-year period, k is an asymptotic constant, 4 

 1 and  2 are parameters to be estimated, and dbh was previously defined.   Figure 1 5 

illustrates typical curves produced from the Box-Lucas function.  These curves follow the 6 

basic sigmoidal pattern typical of biological growth, growth increment increases to a 7 

maximum, begins to decrease tapering off asymptotically toward zero.  Unlike other 8 

diameter increment models which use a fixed period interval, this model allows diameter 9 

increment to be projected for any time interval.  Anabolism is modeled by 1 and 10 

catabolism by  2, with both parameters working in conjunction to describe a trees 11 

metabolism.  Figure 2 illustrates how changes in  1 affects diameter increment. 12 

Increasing 1 values, produce larger diameter increments for trees up to a specific 13 

diameter and then an inverse relationship is seen.  Figure 3 illustrates that an increase in 14 

 2 produces a decrease in diameter increment no matter the size of the tree.  An increase 15 

in the asymptotic constant maintains the basic shape of the curve while increasing the 16 

diameter increment.  Note the maximum diameter increment rate is found for a diameter 17 

of (Huang and Titus 1995): 18 

21

21
max

)/ln(2
dinc




  19 

Where all variables are as previously defined.  Variables which affect diameter increment 20 

are incorporated into the model as modifications to  1 and  2.  Huang and Titus (1995) 21 

observed for white spruce (Picea glauca (Moench) Voss) a linear relationship between 22 



 

 8 

 1 and the following variables: basal area ha
-1

, tree height, percent basal area by species, 1 

relative dbh, and site productivity index; and a linear relationship between 2 and stems 2 

ha
-1

.  3 

 4 

When selecting variables to define  1 and  2, it is important to understand the 5 

biological processes which affect diameter growth. As a result, predictor variables 6 

representing tree size and stage of development, site productivity, and inter-tree 7 

competition were considered.  Tree size and stage of development were represented by 8 

dbh (cm), height (m) and the diameter increment of the previous growth period 9 

(dincprevious, cm). To represent site productivity, coastal Douglas-fir site index (SI, m) at a 10 

base age 50 and Growth Effective Age (GEA, years) were included to distinguish 11 

between differences in site quality found across plots. GEA is the age of a dominant tree 12 

with the same height and having the same site index as the tree of interest (Hann and 13 

Ritchie 1988).  GEA was developed from site index equations for the dominant tree 14 

species of a stand.  A number of stand level competition measures were considered.  15 

Curtis’ Relative Density, an index measure of density, was calculated as: 16 

qd

G
CurtisRD  17 

n

dbh

d

n

1i

2

i

q
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Where dbhi(cm) is the dbh for tree i, dq (cm) is the quadratic mean diameter for the plot, 19 

G (m
2
/ha) is the stand basal area, and n is the number of all live trees across all species 20 

within a plot. Stand basal area has been commonly used to measure competition for 21 
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below ground resources (Fan et al. 2006).  In addition, tree-level competition measures 1 

such as the basal area of larger trees (BAL, m
2
/ha), relative dbh (RDBH), and crown 2 

competition factor of larger trees (CCFL) were evaluated for the model.  BAL was 3 

calculated as:     4 





n

i

iBAtreeδ 
1

x BAL  5 

Where δ is an indicator variable (1 if tree i has a dbh greater than the tree of interest, 0 6 

otherwise), BAtreei (m
2
/ha) is the basal area per hectare value for tree i, and n is the 7 

number of all live trees across all species within a plot. Relative dbh (RDBH) is a ratio of 8 

the diameter of the tree of interest to the average diameter within a plot and was 9 

calculated as: 10 

dbh

dbhiRDBH  11 

Where dbhi is the dbh of tree i and dbh is the average dbh for the plot. CCFL (expressed 12 

as a percent) was calculated as: 13 





n

i

iδ 
1

MCAxCCFL   14 

4,000,000 x )WCπ(MCA 2

i
ˆi  15 











2.54
 b010a 0.0254WC i

i
dbh

  .ˆ  16 

Where: MCAi is the maximum crown area for tree i expressed as a percentage of a 17 

hectare that can be occupied by the maximum crown of tree i with dbhi in cm (Avery and 18 

Burkhart 2002), iWĈ  (m) is the crown width of tree i, and the parameters a and b are 19 
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species-specific constants for imperial units found in Smith (1966).  All other constants 1 

are used for unit conversion.   2 

 3 

A parameter prediction approach was used to determine which variables best described 4 

 1 and  2.  A subset of the data was used to obtain estimates for  1 and  2.  The subset 5 

was defined from the original untreated data as trees which contained more than 4 6 

measurement periods.  Each tree was fit individually to obtain parameter estimates for  1 7 

and  2 across all species.  Plots of  1 and  2 versus possible predictor variables were 8 

created to identify trends.  Different combinations of the possible predictor variables in 9 

linear, log-linear, and nonlinear equations were created to estimate  1 and  2.  The 10 

resulting residual and actual versus predicted value plots were used to determine the 11 

appropriate model forms for  1 and  2 for each species individually.  The model forms 12 

for  1 and  2 were inserted into the Box-Lucas model and refit using the resultant 13 

parameter estimates as starting values.   14 

1.4. Model Accuracy 15 

For comparison, a model developed for mixed-species stands located in Queensland 16 

(Vanclay 1991) was also fitted.  This model is: 17 

[2]  BAL)Glog(SQ*)dbhlog()dbhlog(dbh)02.0dincln( 654310   18 

Where SQ is a categorical variable for site quality defined within a species; 1 for high 19 

quality sites, 0 for poor quality sites.  Site quality was defined according to the BC 20 

Ministry of Forests (1999) where: 21 

1) western hemlock: SQ=0 if site index <10.4, else SQ=1; 22 

2) Douglas-fir: SQ=0 if site index <17.4, else SQ=1; 23 
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3) Western redcedar: SQ=0 if site index <13.4, else SQ=1. 1 

And all other variables were defined previously.   2 

 3 

Fit statistics were calculated for Models [1] and [2] using all unthinned data by species, 4 

including ACI, Pseudo R
2
, Mean Bias, and RMSE.  AIC was calculated a: 5 

p22logL(AIC  )̂  6 

Where )logL(̂  is the log likelihood function and p is the number of parameters in the 7 

model.   Pseudo R
2
 values were calculated as: 8 

R
2
=1-RSS/TSS 9 

Where RSS is the residual sum of squares and TSS is the total corrected sum of squares.   10 

For each species, mean bias, and root mean-squared error (RMSE) values were calculated 11 

for the unthinned plots. Mean bias was calculated as: 12 
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ˆ

BiasMean  13 

Where jy  is the actual diameter increment for tree j, jŷ  is the predicted diameter 14 

increment for tree j,, and m is the number of trees. Root mean-squared error was 15 

calculated for each species as: 16 
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ˆ

RMSE  17 

Where p is the number of predictor variables in the model and all other variables were 18 

previously defined. 19 
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1.5.  Treatment Affects  1 

The base model developed from the unthinned data was modified to include the effects of 2 

fertilization.  Additional categorical and continuous variables were added to the model as 3 

modifications to the  1,  2, and asymptote parameters.  All three parameters were 4 

modified individually as well as each possible combination of parameters modified.   For 5 

each modified model form, Akaike’s Information Criteria (AIC) values were calculated 6 

using PROC NLMIXED of SAS, version 9.1.3.  AIC values were used to determine the 7 

correct model modification.  In addition the base model developed from the unthinned 8 

data was applied to the thinned plots without modification.   9 

Results 10 

1.6. Model Development 11 

The best combination of predictor variables found for  1, the parameter representing 12 

anabolic growth include: the previous diameter increment, basal area per hectare, growth 13 

effective age, and stems per hectare.  The best combination of predictor variables found 14 

for  2, the parameter representing the catabolic breakdown of cells for energy include: 15 

the previous diameter increment, basal area of larger trees, and the relative diameter.  The 16 

final diameter increment model was found to be: 17 

    dbhexpdbhexpkD 12

21

1

incq 



  18 

Where  19 

)SpHb)GEAlog(bGb)dinclog(bbexp( 54

5.0

3prev211   20 

))RDBHlog(c)BALlog(c)dinclog(ccexp( 43prev212   21 
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k is an asymptotic constant defined for a species: 1.2396 for western hemlock, 1.1573 for 1 

Douglas-fir and 0.8168 for western redcedar and the parameter estimates for b1 to b5 and 2 

c1 to c4 are listed in Table 3. 3 

1.7. Model Accuracy 4 

The adjust R
2
 values indicate that model 1 fits the data better than model 2 (Table 4).  5 

The bias estimates are all positive regardless of species for model 1 and are all negative 6 

for model 2 (Table 4).  The RMSE values are smaller for model 1 for all species.  Figure 7 

4 illustrates the average annual diameter increment both actual and predicted by dbh.   On 8 

average, western hemlock predicts diameter increment well across all dbh sizes.  The 9 

average diameter increment for Douglas-fir is greatly under-predicted for trees greater 10 

than 40cm in dbh.  Western redcedar on average predicts well for trees less than 20cm in 11 

dbh, the model tends to under-predict for trees greater than 20cm in dbh.   12 

1.8. Treatment Affects  13 

The best model form for fertilized plots was found from modifying both the asymptote 14 

and the  2 value.  The model form which returned the smallest AIC value for the 15 

fertilized plots (Table 5) is of the form: 16 

    dbhexpdbhexpkD 12

21

1

Fincq 



  17 

Where  18 

F

1F
time

1
F*akk   19 

)SpHb)GEAlog(bGb)dinclog(bbexp( 54
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)
time

1
Fc)RDBHlog(c)BALlog(c)dinclog(ccexp(

F

543prev212   1 

F is a categorical variable defined as 1 for fertilized plots and 0 for unfertilized plots, 2 

timeF is the time since fertilization, a1 is a parameter to be estimated and all other 3 

parameters were as described above.  Figure 5 illustrates the change in average diameter 4 

increment through time.  The modifier was developed to decrease as time since 5 

fertilization increases.   6 

Discussion 7 

The Box and Lucas model used to model diameter increment for Douglas-fir, hemlock, 8 

and western redcedar has the advantage of being based on the metabolic processes 9 

governing tree growth.  Unlike other models, using a process-based model allows 10 

interpretation of the models, as well as can result in accurate predictions.   11 

 12 

In this study, results indicated that the use of the Box and Lucas model as the base 13 

function, modified for distance independent measures of competition resulted in accurate 14 

predictions, particularly for hemlock, in untreated stands.    15 

 16 

Several studies have shown a significant growth response to fertilization, including an 17 

increase in growth as a result of phosphorus and nitrogen fertilization for western 18 

redcedar (Devine and Harrington 2009).  The impacts of fertilizer on growth is a direct 19 

result of nutritional improvement and also an indirect effect due to changes in stand 20 

structure through time (McWilliams 1990).  In this study, the model was modified for 21 

effects of fertilization through adding a years-since-fertilization variable.  Generally, the 22 



 

 15 

resulting models performed as expected, with a change in growth following fertilization 1 

to a maximum.   2 

 3 

In terms of implementing these models in a growth and yield model, it was expected that 4 

impacts of partial harvest could be addressed through the same model as the untreated 5 

growth model, since the main impact of thinning is reduction in competition which would 6 

be reflected in the post-thin competition measures.  However, since there is a lag in the 7 

growth response following thinning, the number of years since treatment was also 8 

important.    9 

 10 

For thinned and fertilized stands, Brix (1992) noted that nitrogen uptake after fertilization 11 

was similar in unthinned and heavily thinned plots over the first 9-year period, with the 12 

uptake taking place in the first year in unthinned plots and later in thinned plots for 13 

Douglas-fir.   For Douglas-fir and western hemlock stands in coastal BC, Omule and 14 

Britton (1991) showed the extra growth accumulated on fewer stems (thinned) and thus 15 

produced a greater amount of valuable wood.  To estimate the impacts of thinning and 16 

fertilization on diameter increment, a two-step additive approach was tested, in that 17 

diameter increment was modified due to fertilization, and then again because of thinning.   18 

However, further research of this approach is needed.  19 

 20 

 21 

 22 
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Conclusion 1 

 2 

The Box and Lucas model was used to model diameter increment for three BC Coastal 3 

species and a parameter prediction approach was used to modify the processes for 4 

changes in competition.  The impacts of treatments were modelled by including a years-5 

since treatment variable.  Reasonably, accurate results were obtained for the three 6 

species, with best results for hemlock.   Further testing of these models is warrented 7 

before they can be implemented in a growth model.   8 

 9 
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Table 1.  Plot summary statistics at plot establishment and the time of treatment. 1 

Treatment 

Type Variable* 

Plot Establishment  Time of Treatment 

Mean Min Max Mean Min Max 

All / 

Untreated 

Stems ha
-1

 2024 13 11750 1961 13 11750 

G 37.7 0.1 185.0 38.4 0.1 185.0 

Site Index 29.7 6.2 50.0 29.2 6.2 49.3 

Curtis' 

RD 

8.6 0.1 24.2 8.6 0.1 24.2 

Fertilized 

Stems ha
-1

 2120 370 8123 2027 370 8123 

G 41.8 0.3 96.1 45.0 0.3 96.1 

Site Index 30.1 11.2 42.3 30.2 11.2 42.3 

Curtis' 

RD 

9.7 0.2 18.8 10.2 0.2 18.0 

Thinned 

Stems ha
-1

 2266 52 11370 2214 52 11370 

G 29.2 0.5 110.5 31.3 0.5 110.5 

Site Index 31.8 9.2 50.0 31.9 9.2 50.0 

Curtis' 

RD 

7.2 0.3 21.1 7.5 0.3 21.1 

Multiple 

Treatments 

Stems ha
-1

 2211 530 7802 2132 530 7555 

G 43.8 5.0 79.0 47.3 5.0 79.0 

Site Index 31.5 8.9 42.9 31.6 8.9 42.9 

Curtis' 

RD 

10.4 2.2 16.9 10.9 2.2 17.5 

* G is basal area per hectare, Curtis’ RD is Curtis’ Relative Density, and SI is Site Index  2 

3 
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Table 2.  Tree summary statistics at plot establishment by species. 1 

Species Variable Mean Min Max 

Douglas-

fir 

dbh 13.3 0.3 149.9 

htfit 12.7 0.0 60.3 

bal 20.2 0.0 165.4 

rdbh 1.1 0.1 7.2 

geage 18.5 0.0 150.0 

Western 

Redcedar 

dbh 11.8 0.1 217.1 

htfit 10.6 0.0 54.1 

bal 32.2 0.0 134.0 

rdbh 0.9 0.0 9.4 

geage 17.5 0.0 146.1 

Western 

Hemlock 

dbh 12.8 0.3 241.0 

htfit 12.9 0.0 58.4 

bal 30.8 0.0 184.9 

rdbh 1.0 0.0 7.0 

geage 18.7 0.0 148.9 

 2 

3 
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Table 3.  Parameter estimates for unthinned model.   1 

Variable  

Parameter Estimate 

Western 

Hemlock 

Douglas-

fir 

Western 

redcedar 

b1 -0.443 0.739 0.131 

b2 0.729 0.932 0.823 

b3 -0.135 -0.459 -0.033 

b4 -0.437 -0.088 -0.722 

b5 0.000 0.001 0.001 

c1 -3.641 -3.190 -3.575 

c2 -0.738 -1.356 -1.410 

c3 -0.036 0.000 -0.031 

c4 -1.354 -1.486 -1.502 

 2 

3 
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 Table 4.  Fit statistics for models 1 and 2 by species. 1 

Fit Statistic 

Western Hemlock Douglas-fir Western redcedar 

Model 1 Model 2 Model 1 Model 2 Model 1 Model 2 

AIC -279000 -172000 -167000 -115000 -54571 -39024 

Adusted R
2
 0.7840 0.5731 0.7299 0.6281 0.6619 0.4839 

Mean Bias 0.0096 -0.0036 0.0319 -0.0068 0.0257 -0.0034 

RMSE 0.1087 0.1518 0.1497 0.1754 0.1263 0.1754 

 2 

3 
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Table 5.  AIC values for base model with fertilization modifications.   1 

Variable Modified AIC Value 

 1 -17019 

 2  -17081 

 1 and  2  -825 

k -17540 

k and  1 -17558 

k and  2 -19785 

k , 1, and 2 -878 

2 
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Diameter Increment vs. Diameter
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Figure 1.  Box-Lucas model for varying  1 and  2 values, all forms indicate an 2 

increase in diameter increment to some diameter followed by a decrease which 3 

levels off toward zero.   4 
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Figure 2.  Box-Lucas model for varying  1 values, increasing values indicate an increase in diameter 2 

increment for smaller diameter trees and a decrease in diameter increment for larger diameter trees.  3 
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Figure 3.  Box-Lucas model for varying  2 values, increasing values indicate an increase in diameter 2 

increment no matter the size of tree.  3 
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 1 

 

 

 
Figure 4.  Actual and predicted average annual diameter increment by 2 cm dbh 2 

class.   3 
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Figure 5.  Predicted (red) and actual (black) average annual diameter increment 2 

over time for fertilized plots.  The time of fertilization is given as 0 (size 1 is < 7.0 3 

cm; size 2 is ≥ 7.0 cm).   4 
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Modeling height growth in response to varying silvicultural treatments within mixed-1 

species stands located in coastal British Columbia 2 
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2. Introduction 1 

Two model forms for height increment models exist and are generally categorized as 2 

either a growth potential independent model, where increment is expressed directly as a 3 

function of physical tree characteristics and site conditions, or a growth potential 4 

dependent model, where the potential growth is defined and then modified (Huang and 5 

Titus 1995).   Regardless of the model form, the model and its components should be 6 

logically consistent and biologically realistic (Vanclay and Skovsgaard 1997). Models 7 

have been developed such that they describe relationships purely mathematically or are 8 

formed from biological functions which describe chemical relationships.  To model 9 

height increment and capture the variation due to different treatment applications found 10 

on Vancouver Island, a flexible individual-tree distance-independent height increment 11 

model is required.  The objective of the study was to develop a height increment model 12 

for variable retention harvested and fertilized mixed-species stands located on Vancouver 13 

Island.  Two models, a common mathematical model and a biological model, were 14 

developed and analyzed for unthinned data.  Future work will be done to investigate the 15 

effects of thinning and fertilization.   16 

2.1. Study Area 17 

The study area was located on Vancouver Island within the Coastal Western Hemlock   18 

(CWH) Biogeoclimatic Ecological Classification (BEC) zone of British Columbia.  This  19 

BEC zone is divided into multiple subzones: a very dry maritime subzone in the east, a 20 

moist maritime subzone in the central area, and a very wet maritime and hypermaritime 21 

subzone in the west (Brown and Hebda 2002).  The temperatures in the CWH BEC zone 22 
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range from 5.2 to 10.5˚ C, with a mean annual temperature of 8˚ C (Meidinger and Pojar 1 

1991).  Study plots were located within latitudes ranging 48.37 to 53.53˚N and longitudes 2 

ranging 132.59 to 122.35˚W.  This area is comprised of second growth uneven- and even-3 

aged multi-species stands regenerated naturally and from plantings.  The common species 4 

include: western hemlock, Douglas-fir, western redcedar, red alder (Alnus rubra Bong.), 5 

Sitka spruce (Pinus sitchensis), and yellow cedar (Chamaecyparis nootkatensis (D.Don) 6 

Spach).   7 

 8 

Permanent Sample Plot (PSP) data were provided by Island Timberland, Ltd. The 9 

database contained 675 untreated plots, ranging in size from 0.008 to 0.806 ha.  10 

Measurements spanned the years 1950 to 1997, with measurement intervals varying from 11 

1 to 17 years for an average of 1.5 years.  Densities at plot establishment ranged from 12 

12.5 to 11 750 live trees per hectare, site index ranged from 6.2 to 46.5m, and basal area 13 

per hectare ranged from 0.09 to 126.9 m
3
/ha (Table 1).  At each measurement and for 14 

each tree within the plot boundaries, species, tree status (i.e., live or dead), and diameter 15 

outside bark at breast height (1.3 m above ground, dbh) was recorded.   Height (ht, m) 16 

was measured for a subset of trees, and remaining heights were estimated using height-17 

diameter functions. Only trees with actual height measurements were used in the analysis.  18 

At the time of plot establishment, the average diameters were 20.5, 13.0, and 18.2cm 19 

(Table 2); western hemlock, Douglas-fir and western redcedar, respectively, with 20 

corresponding maximum values of 159.7, 86.7, and 66.7cm.  The average actual heights 21 

for western hemlock, Douglas-fir and western redcedar corresponded to 16.5, 13.0, and 22 

18.2m.   23 
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2.2. Model Development 1 

2.2.1. Model Forms 2 

Two models were analyzed for height increment growth: a common mathematical model 3 

and a biological model.  The mathematical model form was: 4 

[1] ))X(fexp(H incq   5 

Where f(X) is a linear function of the predictor variables, X.  Biological tree growth can 6 

be represented as the difference in anabolic gain, where molecules are constructed and 7 

catabolic loss, where molecules are broken down to their smaller components for use as 8 

energy (Pienaar and Turnbull 1973).  The base model form representing this metabolic 9 

relationship was presented by Box and Lucas (1959): 10 

[2]     heightexpeighthexpkH 12

21

1
incq 




  11 

Where Hinc is the diameter increment for the q-year period, k is an asymptotic constant, 12 

 1 and  2 are parameters to be estimated, and height was previously defined.   Figure 1 13 

illustrates typical curves produced from the Box-Lucas function.  These curves follow the 14 

basic sigmoidal pattern typical of biological growth, growth increment increases to a 15 

maximum, begins to decrease tapering off asymptotically toward zero.  Unlike other 16 

height increment models which use a fixed period interval, this model allows height 17 

increment to be projected for any time interval.  Anabolism is modeled by 1 and 18 

catabolism by  2, with both parameters working in conjunction to describe a trees 19 

metabolism.  Increasing 1 values, produce larger height increments for trees up to a 20 

specific height and then an inverse relationship is seen.  An increase in  2 produces a 21 

decrease in height increment no matter the size of the tree.  An increase in the asymptotic 22 
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constant maintains the basic shape of the curve while increasing the height increment.  1 

Note the maximum height increment rate is found for a height of (Huang and Titus 2 

1995): 3 

21

21
max

)/ln(2
Hinc




  4 

Where all variables were as defined above.  Variables which affect height increment are 5 

incorporated into the model as modifications to  1 and  2.  Huang and Titus (1995) 6 

observed for white spruce (Picea glauca (Moench) Voss) a linear relationship between 7 

 1 and the following variables: basal area ha
-1

 and site productivity index; and a linear 8 

relationship between 2 and previous diameter increment and percent basal area ha
-1

 for a 9 

by species.  10 

2.2.2. Variable Selection and Model Comparison 11 

When selecting variables to define  1 and  2, it is important to understand the 12 

biological processes which affect height growth. As a result, predictor variables 13 

representing tree size and stage of development, site productivity, and inter-tree 14 

competition were considered.  Tree size and stage of development were represented by 15 

dbh (cm), height (m) and the height increment of the previous growth period (Hincprevious, 16 

cm). To represent site productivity, coastal Douglas-fir site index (SI, m) at a base age 50 17 

and Growth Effective Age (GEA, years) were included to distinguish between differences 18 

in site quality found across plots. GEA is the age of a dominant tree with the same height 19 

and having the same site index as the tree of interest (Hann and Ritchie 1988).  GEA was 20 

developed from site index equations for the dominant tree species of a stand.  A number 21 
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of stand level competition measures were considered.  Curtis’ Relative Density, an index 1 

measure of density, was calculated as: 2 

qd

G
CurtisRD  3 

n

dbh

d

n

1i

2

i

q


  4 

Where dbhi(cm) is the dbh for tree i, dq (cm) is the quadratic mean diameter for the plot, 5 

G (m
2
/ha) is the stand basal area, and n is the number of all live trees across all species 6 

within a plot. Stand basal area has been commonly used to measure competition for 7 

below ground resources (Fan et al. 2006).  In addition, tree-level competition measures 8 

such as the basal area of larger trees (BAL, m
2
/ha), relative dbh (RDBH), and crown 9 

competition factor of larger trees (CCFL) were evaluated for the model.  BAL was 10 

calculated as:     11 





n

i

iBAtreeδ 
1

x BAL  12 

Where δ is an indicator variable (1 if tree i has a dbh greater than the tree of interest, 0 13 

otherwise), BAtreei (m
2
/ha) is the basal area per hectare value for tree i, and n is the 14 

number of all live trees across all species within a plot. Relative dbh (RDBH) is a ratio of 15 

the diameter of the tree of interest to the average diameter within a plot and was 16 

calculated as: 17 

dbh

dbhiRDBH  18 

Where dbhi is the dbh of tree i and dbh is the average dbh for the plot. CCFL (expressed 19 

as a percent) was calculated as: 20 
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n

i

iδ 
1

MCAxCCFL   1 

4,000,000 x )WCπ(MCA 2

i
ˆi  2 











2.54
 b010a 0.0254WC i

i
dbh

  .ˆ  3 

Where: MCAi is the maximum crown area for tree i expressed as a percentage of a 4 

hectare that can be occupied by the maximum crown of tree i with dbhi in cm (Avery and 5 

Burkhart 2002), iWĈ  (m) is the crown width of tree i, and the parameters a and b are 6 

species-specific constants for imperial units found in Smith (1966).  All other constants 7 

are used for unit conversion.   8 

 9 

Akaike’s Information Criteria (AIC) values were calculated using PROC NLMIXED of 10 

SAS, version 9.1.3.  AIC values were used to determine best combination of predictor 11 

variables for model 1.  AIC was calculated as: 12 

p22logL(AIC  )̂  13 

Where )logL(̂  is the log likelihood function and p is the number of parameters in the 14 

model.  A parameter prediction approach was used to determine which variables best 15 

described  1 and  2 for model 2.  A subset of the data was used to obtain estimates for 16 

 1 and  2.  The subset was defined from the original untreated data as trees which 17 

contained more than 4 measurement periods.  Each tree was fit individually to obtain 18 

parameter estimates for  1 and  2 across all species.  Plots of  1 and  2 versus possible 19 

predictor variables were created to identify trends.  Different combinations of the 20 

possible predictor variables in linear, log-linear, and nonlinear equations were created to 21 
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estimate  1 and  2.  The resulting residual and actual versus predicted value plots were 1 

used to determine the appropriate model forms for  1 and  2 for each species 2 

individually.  The model forms for  1 and  2 were inserted into the Box-Lucas model, 3 

model 2, and refit using the resultant parameter estimates as starting values.  Pseudo R
2 
fit 4 

statistics were calculated for Models [1] and [2] using all data by species.  Pseudo R
2
 5 

values were calculated as: 6 

R
2
=1-RSS/TSS 7 

Where RSS is the residual sum of squares and TSS is the total corrected sum of squares.   8 

3. Results and Conclusions 9 

For all three species, the best combination of predictor variables found for model 2 10 

included height, dbh, GEA, G, and BAL.  While adding CurtisRD for Douglas-fir 11 

returned a smaller AIC value, the difference in values was negligible.  The same was true 12 

for western redcedar and RDBH.  The final mathematical model form was:  13 

)/exp(H 4

5.0

3210incq BALbGbGEAbdbhbheightb   14 

The best combination of predictor variables found for  1, the parameter representing 15 

anabolic growth include: dbh, G, GEA, and stems ha
-1

.  The best combination of 16 

predictor variables found for  2, the parameter representing the catabolic breakdown of 17 

cells for energy include: dbh, BAL, RDBH, SI, and height.  The final height increment 18 

model was found to be: 19 

    heightexpheightexpkH 12

21

1
incq 







  20 

Where  21 
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))log()log(exp( 54

5.0

3211 SpHbGEAbGbdbhbb   1 

))log()log()log()log(exp( 6543212 heightcSIcRDBHcBALcdbhcc   2 

k is an asymptotic constant defined for a species: 0.8843 for western hemlock, 1.7672 for 3 

Douglas-fir and 1.5436 for western redcedar. The parameter estimates for all other 4 

parameters for both model forms are listed in Table 4.  The pseudo-R
2
 values for all three 5 

species are larger for model 2 (Table 5).  The pseudo-R
2
 values indicate that for all 6 

species the biological model, model 2 is a better fit for the unthinned data.  More work 7 

will be done to investigate the effects of thinning and fertilization using the biological 8 

model.  In addition, a growth potential model will be investigated.   9 

10 
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Table 6. Plot summary statistics at plot establishment (m=675 plots). 

Variable* 

Establishment 

Mean Minimum Maximum 

G 

(m2/ha) 

23.03 0.09 126.89 

Stems 

ha-1 

2486 13 11750 

CurtisRD 6.01 0.08 24.22 

SI (m) 27.34 6.17 46.46 

* G is basal area per hectare, Curtis’ RD is Curtis’ Relative Density, and SI is Site Index 
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Table 7.  Tree summary statistics at plot establishment by species.  

Variable* 

Western 

hemlock 

Douglas  Western  

-fir redcedar 

dbh (cm) Mean 20.0 16.9 12.1 

Minimum 0.5 2.3 2.1 

Maximum 159.7 86.7 66.7 

Height (m) Mean 15.4 13.6 8.4 

Minimum 1.5 2.4 2.7 

Maximum 49.1 47.3 36.5 

BAL (m2/ha)  Mean 16.40 8.79 8.80 

Minimum 0 0 0 

Maximum 99.11 68.80 88.35 

GEA (years)  Mean 23.54 19.44 15.31 

Minimum 0 0 0 

Maximum 120.20 86.20 86.20 

*dbh is diameter at breast height, BAL is basal area of larger trees, and GEA is growth effective age 
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Table 8.  AIC values for possible models using the log-linear model form. 

Model Variables* 

Western 

hemlock 

Douglas

-fir 

Western 

redcedar 

1 Height 10446.0 12862.0 2084.5 

2 Height and dbh 1627.6 5388.1 -2166.0 

3 Height, dbh and SI -158.2 1483.6 -259.0 

4 Height, dbh, SI, and G
0.5

 -776.4 -403.4 -2664.0 

5 Height, dbh, GEA, and G
0.5

 106.3 -581.2 -2887.0 

6 Height, dbh, GEA, G
0.5

, and BAL -994.5 -894.2 -3191.0 

7 Height, dbh, GEA, G
0.5

, and CCFL -851.8 -662.7 -2999.0 

8 Height, dbh, GEA, G
0.5

, BAL, and RDBH -948.9 -894.9 -3298.0 

9 Height, dbh, GEA, G
0.5

, BAL, and CurtisRD -980.7 -896.4 -3201.0 

* dbh is diameter at breast height, SI is Site Index, G is basal area per hectare, BAL is basal area of 

larger,  CCFL is crown competition factor of larger, RDBH is relative diameter at breast height, and 

Curtis’ RD is Curtis’ Relative Density 
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Table 9.   Parameter estimates for Box-Lucas and log-linear models.   

Parameter 
Box-Lucas Model Log-Linear Model 

Western 
Hemlock 

Douglas-
fir 

Western 
Hemlock 

Western 
Hemlock 

Douglas-
fir 

Western 
Redcedar 

b1 -0.2418 -0.0815 -0.2418 0.0005 0.0278 0.0169 

b2 1.0924 0.7473 1.0924 -4.3905 -3.2986 -6.9696 

b3 -0.0663 -0.2140 -0.0663 -0.0119 -0.0198 -0.0284 

b4 -1.7398 -1.3986 -1.7398 -0.0004 -0.0142 0.0033 

b5 0.000045 0.000069 0.000045 -0.0138 -0.0087 -0.0183 

c1 -10.0326 0.4755 -10.0326    

c2 0.0645 -0.0936 0.0645    

c3 -0.00722 -0.00926 -0.00722    

c4 -0.9333 -0.1141 -0.9333    

c5 0.00615 -0.0269 0.00615    

c6 1.7556 -0.7523 1.7556    
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Table 10.  Psuedo R
2
 values for models 1 and 2 by species. 

Species Model 1 Model 2 

Douglas-fir 0.671751 0.358745 

Western Hemlock 0.470122 0.287188 

Western Redcedar 0.559753 0.245977 

 


